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ABSTRACT
Ordinary least-square (OLS) estimators for a linear model are very sen-
sitive to unusual values in the design space or outliers among y values.
Even one single atypical valuemay have a large effect on the parameter
estimates. This article aims to review and describe some available and
popular robust techniques, including some recent developed ones, and
compare them in terms of breakdown point and efficiency. In addition,
we also use a simulation study and a real data application to compare
the performance of existing robust methods under different scenarios.

1. Introduction

Linear regression has been one of the most important statistical data analysis tools. Given the
independent and identically distributed (iid) observations (xi, yi), i = 1, . . . , n, in order to
understand how the response yi’s are related to the covariates xi’s, we traditionally assume the
following linear regression model:

yi = xTi β + εi, (1.1)

where β is an unknown p× 1 vector, and the εi’s are iid and independent of xi with
E(εi | xi) = 0. The most commonly used estimate for β is the ordinary least-square (OLS)
estimate that minimizes the sum of squared residuals

n∑
i=1

(
yi − xTi β

)2
. (1.2)

However, it is well known that the OLS estimate is extremely sensitive to the outliers. A single
outlier can have large effect on the OLS estimate.

In this article, we review anddescribe some available robustmethods. In addition, a simula-
tion study and a real data application are used to compare different existing robust methods.
The efficiency and breakdown point (Donoho and Huber, 1983) are two traditionally used
important criteria to compare different robust methods. The efficiency is used to measure the
relative efficiency of the robust estimate compared to the OLS estimate when the error distri-
bution is exactly normal and there are no outliers. Breakdown point is to measure the propor-
tion of outliers an estimate can tolerate before it goes to infinity. In this article, finite sample
breakdown point (Donoho and Huber, 1983) is used and defined as follows: Let zi = (xi, yi).
Given any sample z = (zi, . . . , zn), denote T (z) the estimate of the parameter β. Let z′ be the
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corrupted sample where any m of the original points of z are replaced by arbitrary bad data.
Then the finite sample breakdown point δ∗ is defined as

δ∗(z,T ) = min
1≤m≤n

{
m
n

: sup
z′

‖T (z′)− T (z)‖ = ∞
}
, (1.3)

where ‖ · ‖ is the Euclidean norm.
Many robust methods have been proposed to achieve high breakdown point or high effi-

ciency or both. M-estimates (Huber, 1981) are solutions of the normal equation with appro-
priate weight functions. They are resistant to unusual y observations, but sensitive to high
leverage points on x. Hence, the breakdown point of an M-estimate is 1/n. R-estimates
(Jackel, 1972) that minimize the sum of scores of the ranked residuals have relatively high
efficiency but their breakdown points are as low as those of OLS estimates. Least Median
of Squares (LMS) estimates (Siegel, 1982) that minimize the median of squared residuals,
Least Trimmed Squares (LTS) estimates (Rousseeuw, 1983) that minimize the trimmed sum
of squared residuals, and S-estimates (Rousseeuw andYohai, 1984) thatminimize the variance
of the residuals all have high breakdownpoint but with low efficiency. Generalized S-estimates
(GS-estimates) (Croux et al., 1994) maintain high breakdown point as S-estimates and have
slightly higher efficiency. MM-estimates proposed by Yohai (1987) can simultaneously attain
high breakdown point and efficiencies. Mallows Generalized M-estimates (Mallows, 1975)
and Schweppe Generalized M-estimates (Handschin et al., 1975) downweight the high lever-
age points on x but cannot distinguish “good” and “bad” leverage points, thus resulting in a
loss of efficiencies. In addition, these two estimators have low breakdown points when p, the
number of explanatory variables, is large. Schweppe one-step (S1S) Generalized M-estimates
(Coakley and Hettmansperger, 1993) overcome the problems of Schweppe Generalized M-
estimates and are calculated in one step. They both have high breakdown points and high
efficiencies. Recently, Gervini andYohai (2002) proposed a new class of high breakdown point
and high efficiency robust estimate called robust and efficient weighted least-square estimator
(REWLSE). Lee et al. (2012) and She and Owen (2011) proposed a new class of robust meth-
ods based on the regularization of case-specific parameters for each response. They further
proved that the M-estimator with Huber’s ψ function is a special case of their proposed esti-
mator.Wilcox (1996) and You (1999) provided an excellent Monte Carlo comparison of some
of the mentioned robust methods. This article aims to provide a more complete review and
comparison of existing robust methods including some recently developed robust methods.
In addition, besides comparing regression estimates for different robust methods, we also add
the comparison of their performance of outlier detection based on three criteria used by She
and Owen (2011).

The rest of the article is organized as follows. In Section 2, we review and describe some of
the available robust methods. In Section 3, a simulation study and a real data application are
used to compare different robust methods. Some discussions are given in Section 4.

2. Robust regressionmethods

2.1. M-estimates

By replacing the least-square criterion (1.2) with a robust criterion,M-estimate (Huber, 1964)
of β is

β̂ = argmin
β

n∑
i=1

ρ

(
yi − xTi β

σ̂

)
, (2.1)
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where ρ(·) is a robust loss function and σ̂ is an error scale estimate. The derivative of ρ,
denoted by ψ(·) = ρ ′(·), is called the influence function. In particular, if ρ(t ) = 1

2t
2, then

the solution is the OLS estimate. The OLS estimate is very sensitive to outliers. Rousseeuw
and Yohai (1984) indicated that OLS estimates have a breakdown point (BP) of BP = 1/n,
which tends to zero when the sample size n is getting large. Therefore, one single unusual
observation can have large impact on the OLS estimate.

One of the commonly used robust influence functions is Huber’s ψ function (Huber,
1981), where ψc(t ) = ρ ′(t ) = max{−c,min(c, t )}. Huber (1981) recommends using c =
1.345 in practice. This choice produces a relative efficiency of approximate 95% when the
error density is normal. Another possibility for ψ(·) is Tukey’s bisquare function ψc(t ) =
t{1 − (t/c)2}2+. The use of c = 4.685 produces 95% efficiency. Bai et al. (2012) also applied
Huber’s ψ function and Tukey’s bisquare function to provide robust fitting of mixture
regression models. If ρ(t ) = |t|, then least absolute deviation (LAD, also called median
regression) estimates are achieved by minimizing the sum of the absolute values of the
residuals

β̂ = argmin
β

n∑
i=1

∣∣yi − xTi β
∣∣ . (2.2)

The LAD is also called L1 estimate due to the L1 norm used. Although LAD is more resistent
than OLS to unusual y values, it is sensitive to high leverage outliers, and thus has a break-
down point of BP = 1/n → 0 when the sample size n is getting large (Rousseeuw and Yohai,
1984). Moreover, LAD estimates have a low efficiency of 0.64 when the errors are normally
distributed. Similar to LADestimates, the generalmonotoneM-estimates, that is,M-estimates
withmonotoneψ functions, have a BP= 1/n→ 0 as n becomes infinity due to lack of immu-
nity to high leverage outliers (Maronna et al., 2006). Yao et al. (2012) proposed to use a ker-
nel function for ρ to provide a robust and efficient estimate for nonparametric regression by
data adaptively choosing the tuning parameter. Their method can be also applied to linear
regression.

2.2. LMS estimates

The LMS estimates (Siegel, 1982) are found by minimizing the median of the squared resid-
uals

β̂ = argmin
β

Med
{(
yi − xTi β

)2}
. (2.3)

One good property of the LMS estimate is that it possesses a high breakdown point of near 0.5.
However, LMS estimates do not have a well-defined influence function because of its conver-
gence rate of n− 1

3 and thus have zero efficiency (Rousseeuw, 1984). Despite these limitations,
the LMS estimate can be used as an initial estimate for some other high breakdown point and
high efficiency robust methods.

2.3. LTS estimates

The LTS estimate (Rousseeuw, 1983) is defined as

β̂ = argmin
β

q∑
i=1

r(i)(β)2, (2.4)
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where r(1)(β)2 ≤ · · · ≤ r(q)(β)2 are ordered squared residuals, q = [n(1 − α)+ 1], and α is
the proportion of trimming. Using q = ( n2 ) + 1 ensures that the estimator has a breakdown
point of BP = 0.5, and the convergence rate of n− 1

2 (Rousseeuw, 1983). Although highly
resistent to outliers, LTS suffers badly in terms of very low efficiency, which is about 0.08,
relative to OLS estimates (Stromberg et al., 2000). The reason that LTS estimates call atten-
tions to us is that it is traditionally used as an initial estimate for some other high breakdown
point and high efficiency robust methods.

2.4. S-estimates

S-estimates (Rousseeuw and Yohai, 1984) are defined by

β̂ = argmin
β
σ̂ (r1(β), . . . , rn(β)) , (2.5)

where ri(β) = yi − xTi β and σ̂ (r1(β), . . . , rn(β)) is the scale M-estimate, which is defined as
the solution of

1
n

n∑
i=1

ρ

(
ri(β)
σ̂

)
= δ, (2.6)

for any givenβ, where δ is taken to be E�[ρ(r)]. For the biweight scale, S-estimates can attain a
high breakdown point of BP= 0.5 and has an asymptotic efficiency of 0.29 under the assump-
tion of normally distributed errors (Maronna et al., 2006).

2.5. Generalized S-estimates (GS-estimates)

Croux et al. (1994) proposed generalized S-estimates in an attempt to improve the low effi-
ciency of S-estimators. Generalized S-estimates are defined as

β̂ = argmin
β

Sn(β), (2.7)

where Sn(β) is defined as

Sn(β) = sup

⎧⎨
⎩S > 0;

(
n
2

)−1∑
i< j

ρ

(
ri − r j

S

)
≥ kn,p

⎫⎬
⎭ , (2.8)

where ri = yi − xTi β, p is the number of regression parameters, and kn,p is a constant, which
depends on n and p. Particularly, if ρ(x) = I(|x| ≥ 1) and kn,p = ((n

2

)− (hp
2

)+ 1
)
/
(n
2

)
with

hp = n+p+1
2 , generalized S-estimator yields a special case, the least quartile difference (LQD)

estimator, which is defined as

β̂ = argmin
β

Qn(r1, . . . , rn), (2.9)

where

Qn = {|ri − r j|; i < j}
(
hp
2 )

(2.10)

is the
(hp
2

)
th order statistic among the

(n
2

)
elements of the set {|ri − r j|; i < j}. Generalized

S-estimates have a breakdown point as high as S-estimates but with a higher efficiency.
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2.6. MM-estimates

First proposed by Yohai (1987), MM-estimates have become increasingly popular and are one
of the most commonly employed robust regression techniques. The MM-estimates can be
found by a three-stage procedure. In the first stage, compute an initial consistent estimate β̂0
with high breakdown point but possibly low normal efficiency. In the second stage, compute
a robust M-estimate of scale σ̂ of the residuals based on the initial estimate. In the third stage,
find an M-estimate β̂ starting at β̂0.

In practice, LMS or S-estimate with Huber or bisquare functions is typically used as the
initial estimate β̂0. Let ρ0(r) = ρ1(r/k0), ρ(r) = ρ1(r/k1), and assume that each of the ρ-
functions is bounded. The scale estimate σ̂ satisfies

1
n

n∑
i=1

ρ0

(
ri(β̂)
σ̂

)
= 0.5. (2.11)

If the ρ-function is biweight, then k0 = 1.56 ensures that the estimator has the asymptotic
BP = 0.5. Note that an M-estimate minimizes

L(β) =
n∑

i=1

ρ

(
ri(β̂)
σ̂

)
. (2.12)

Let ρ satisfy ρ ≤ ρ0. Yohai (1987) showed that if β̂ satisfies L(β̂) ≤ L(β̂0), then β̂’s BP is not
less than that of β̂0. Furthermore, the breakdown point of the MM-estimate depends only on
k0 and the asymptotic variance of the MM-estimate depends only on k1. We can choose k1 in
order to attain the desired normal efficiency without affecting its breakdown point. In order
to let ρ ≤ ρ0, wemust have k1 ≥ k0; the larger the k1 is, the higher efficiency theMM-estimate
can attain at the normal distribution.

Maronna et al. (2006) provide the values of k1 with the corresponding efficiencies of the
biweight ρ-function. Please see the following table for more detail.

Efficiency . . . .

k1 . . . .

However, Yohai (1987) indicates that MM-estimates with larger values of k1 are more sen-
sitive to outliers than the estimates corresponding to smaller values of k1. In practice, an
MM-estimate with bisquare function and efficiency 0.85 (k1 = 3.44) starting from a bisquare
S-estimate is recommended.

2.7. GeneralizedM-estimates (GM-estimates)

... Mallows GM-estimate
In order to make M-estimate resistent to high leverage outliers, Mallows (1975) proposed
Mallows GM-estimate that is defined by

n∑
i=1

wiψ

{
ri(β̂)
σ̂

}
xi = 0, (2.13)

where ψ(e) = ρ ′(e) and wi = √
1 − hi with hi being the leverage of the ith observation.

The weight wi ensures that the observation with high leverage receives less weight than the
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observation with small leverage. However, even “good” leverage points that fall in line with
the pattern in the bulk of the data are down-weighted, resulting in a loss of efficiency.

... Schweppe GM-estimate
Schweppe GM-estimate (Handschin et al., 1975) is defined by the solution of

n∑
i=1

wiψ

{
ri(β̂)
wiσ̂

}
xi = 0, (2.14)

which adjusts the leverage weights according to the size of the residual ri. Carroll andWelsch
(1988) proved that the Schweppe estimator is not consistent when the errors are asymmetric.
Furthermore, the breakdown points for both Mallows and Schweppe GM-estimates are no
more than 1/(p+ 1), where p is the number of unknown parameters.

... SS GM-estimate
Coakley and Hettmansperger (1993) proposed Schweppe one-step (S1S) estimate, which
extends from the original Schweppe estimator. S1S estimator is defined as

β̂ = β̂0 +
[

n∑
i=1

ψ ′
(
ri(β̂0)

σ̂wi

)
xix′

i

]−1

×
n∑

i=1

σ̂wiψ

(
ri(β̂0)

σ̂wi

)
xi, (2.15)

where the weight wi is defined in the same way as Schweppe’s GM-estimate.
The method for S1S estimate is different from the Mallows and Schweppe GM-estimates

in that once the initial estimates of the residuals and the scale of the residuals are given, final
M-estimates are calculated in one step rather than iteratively. Coakley and Hettmansperger
(1993) recommended to use Rousseeuw’s LTS for the initial estimates of the residuals and
LMS for the initial estimates of the scale and proved that the S1S estimate gives a break-
down point of BP= 0.5 and results in 0.95 efficiency compared to the OLS estimate under the
Gauss–Markov assumption.

2.8. R-estimates

The R-estimate (Jackel, 1972) minimizes the sum of some scores of the ranked residuals
n∑

i=1

an (Ri) ri = min, (2.16)

where Ri represents the rank of the ith residual ri, and an(·) is a monotone score function that
satisfies

n∑
i=1

an(i) = 0. (2.17)

R-estimates are scale equivalent, which is an advantage compared to M-estimates. How-
ever, the optimal choice of the score function is unclear. In addition, most of R-estimates
have a breakdown point of BP = 1/n → 0 when n is close infinity. The bounded influence
R-estimator proposed byNaranjo andHettmansperger (1994) has a fairly high efficiencywhen
the errors have normal distribution. However, it is proved that their breakdown point is no
more than 0.2.
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2.9. REWLSE

Gervini and Yohai (2002) proposed a new class of robust regression method called robust
and efficient weighted least-square estimator (REWLSE). REWLSE is a very attractive robust
estimator due to its simultaneously attaining maximum breakdown point and full efficiency
under normal errors. This new estimator is a type of weighted least-square estimator with the
weights adaptively calculated from an initial robust estimator.

Consider a pair of initial robust estimates of regression parameters and scale, β̂0 and σ̂ ,
respectively, the standardized residuals are defined as

ri = yi − xTi β̂0

σ̂
.

A large value of |ri|would suggest that (xi, yi) is an outlier. Define a measure of proportion of
outliers in the sample

dn = max
i>i0

{
F+(|r|(i))− (i − 1)

n

}+
, (2.18)

where {·}+ denotes positive part, F+ denotes the distribution of |X | when X ∼ F , |r|(1) ≤
· · · ≤ |r|(n) are the order statistics of the standardized absolute residuals, and i0 = max{i :
|r|(i) < η}, where η is some large quantile of F+. Typically η = 2.5 as chosen by Rousseeuw
and Leroy (1987) and the cdf of a normal distribution is chosen for F . Thus those �ndn� obser-
vations with largest standardized absolute residuals are eliminated (here �a� is the largest inte-
ger less than or equal to a).

The adaptive cut-off value is tn = |r|(in ) with in = n − �ndn�. With this adaptive cut-off
value, the adaptive weights proposed by Gervini and Yohai (2002) are

wi =
{
1 if |ri| < tn
0 if |ri| ≥ tn.

(2.19)

Then, the REWLSE is

β̂ = (XTWX )−1XTWy, (2.20)

whereW = diag(w1, . . . ,wn),X = (x1, . . . , xn)T , and y = (y1, . . . , yn)′.
If the initial regression and scale estimates with BP = 0.5 are chosen, the breakdown point

of the REWLSE is also 0.5. Furthermore, since the cut-off values are used in a way resulting
the REWLSE is asymptotically equivalent to the OLS estimates and hence has full asymptotic
efficiency under the normal-error model.

2.10. Robust regression based on regularization of case-specific parameters

She andOwen (2011) and Lee et al. (2012) proposed a new class of robust regressionmethods
using the case-specific indicators in a mean shift model with the regularization method. A
mean shift model for the linear regression is

y = Xβ + γ + ε, ε ∼ N(0, σ 2I),

where y = (y1, . . . , yn)T , X = (x1, . . . , xn)T , γ = (γ1, . . . , γn)
T , and the mean shift param-

eter γi is nonzero when the ith observation is an outlier and zero, otherwise.
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Due to the sparsity of γi’s, She and Owen (2011) and Lee et al. (2012) proposed to estimate
β and γ by minimizing the penalized least squares using L1 penalty:

L(β, γ ) = 1
2
{y − (Xβ + γ )}T {y − (Xβ + γ )} + λ

n∑
i=1

|γi|, (2.21)

where λ is a fixed regularization parameter for γ . Given the estimate γ̂ , β̂ is the OLS estimate
with y replaced by y − γ . For a fixed β̂, the minimizer of (2.21) is γ̂i = sgn(ri)(|γi| − λ)+,
that is,

γ̂i =
{
0 if |ri| ≤ λ;

yi − xTi β̂ if |ri| > λ.

Therefore, the solution of (2.21) can be found by iteratively updating the above two steps. She
and Owen (2011) and Lee et al. (2012) proved that the above estimate is in fact equivalent to
the M-estimate if Huber’s ψ function is used. However, their proposed robust estimates are
based on different perspective and can be extended to many other likelihood-based models.

Note, however, the monotone M-estimate is not resistent to the high leverage outliers. In
order to overcome this problem, She and Owen (2011) further proposed to replace the L1
penalty in (2.21) by a general penalty. The objective function is then defined by

Lp(β, γ ) = 1
2
{y − (Xβ + γ )}T {y − (Xβ + γ )} +

n∑
i=1

pλ(|γi|), (2.22)

where pλ(| · |) is any penalty function that depends on the regularization parameter λ.We can
find γ̂ by defining thresholding function�(γ; λ) (She, 2009). She (2009) and She and Owen
(2011) proved that for a specific thresholding function, we can always find the correspond-
ing penalty function. For example, the soft, hard, and smoothly clipped absolute deviation
(SCAD; Fan and Li, 2001) thresholding solutions of γ correspond to L1, Hard, and SCAD
penalty functions, respectively. Minimizing Eq. (2.22) yields a sparse γ̂ for outlier detection
and a robust estimate of β. She andOwen (2011) showed that the proposed estimates of (2.22)
with hard or SCAD penalties are equivalent to the M-estimates with certain redescending
ψ functions and thus will be resistent to high leverage outliers if a high breakdown point
robust estimates are used as the initial values. Yu et al. (2015) successfully extended this robust
method to mixture models.

3. Examples

In this section, we use both simulation study and real data applications to compare different
robust methods in terms of parameter estimation and outlier detection. The first statistical
criterion we use to compare different estimates is the mean squared errors (MSEs). The other
two are robust measures: robust bias (RB) and median absolute deviation (MAD; You, 1999).
They are defined as

RBi = median(β̂i)− βi,

and

MADi = median(|β̂i − βi|),
where i = 0, 1 for Example 3.1 and i = 0, 1, 2, 3 for Example 3.2.
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We compare the OLS estimate with seven other commonly used robust regression esti-
mates: the M estimate using Huber’sψ function (MH), the M estimate using Tukey’s bisquare
function (MT ), the S estimate, the LTS estimate, the LMS estimate, the MM estimate (using
bisquare weights and k1 = 4.68), and the REWLSE. Due to the limited space, we can-
not include all of our reviewed methods for comparison in our simulation study, such as
median regression, Mallows GM-estimate, Schweppe GM-estimate, the S1S-estimator, and
R-estimates. Wemainly choose somemethods that are popularly used and can be found from
existing R packages. R function rlm provides the implementation ofMH andMT with stating
psi function as Huber and Tukey, respectively. LMS, LTS, and S are computed using R func-
tion lqs with the option specified as “lms,” “lts,” and “S,” respectively. In these lqs computation
procedures, resampling algorithm is used. R package robust provides the implementation of
MM and REWLSE and the S-estimate is used as an initial estimate via random resampling. It
is known that using the initial S estimate in two-stage algorithm of MM achieves both high
efficiency and robustness (Yohai, 1987). Note that we did not include the case-specific regular-
ization methods proposed by She and Owen (2011) and Lee et al. (2012) since they are essen-
tially equivalent toM-estimators. All the computations in this article are done by R. However,
one can also implement those robust regression methods using SAS. In SAS, “ROBUSTREG”
procedure provides implementation of M, LTS, S, andMM estimates choosing “method=” to
be “m,” “lts,” “s,” or “mm,” respectively.

Example 3.1. We generate n samples {(x1, y1), . . . , (xn, yn)} from the model

Y = X + ε,

where X ∼ N(0, 1). In order to compare the performance of different methods, we consider
the following six cases for the error density of ε:

Case I: ε ∼ N(0, 1)- standard normal distribution.
Case II: ε ∼ t3 - t-distribution with degrees of freedom 3.
Case III: ε ∼ t1 - t-distribution with degrees of freedom 1 (Cauchy distribution).
Case IV: ε ∼ 0.95N(0, 1)+ 0.05N(0, 102) - contaminated normal mixture.
Case V: ε ∼ N (0,1) with 10% identical outliers in y direction (where we let the first 10% of

y′s equal to 30).
Case VI: ε ∼ N (0,1) with 10% identical high leverage outliers (where we let the first 10% of

x′s equal to 10 and their corresponding y′s equal to 50).

Tables 1 and 2 report MSE, RB, and MAD of the parameter estimates for each estimation
method with sample size n = 20 and 100, respectively. The number of replicates is 200. From
the tables, we can see that MM and REWLSE have the overall best performance throughout
most cases and they are consistent for different sample sizes. For Case I, since the error distri-
bution is normal, the performance of each estimate mainly depends on their efficiency. In this
case, the OLS has the smallest MSE andMAD, which is reasonable since under normal errors
OLS is the best estimate;MH ,MT , MM, and REWLSE have similar MSE to OLS, due to their
high efficiency property; LMS, LTS, and S have relative larger MSE due to their low efficiency
property. If the efficiency of some robust β̂R relative to β̂OLS is defined as the ratio of MSE of
β̂OLS to MSE of β̂R, the efficiencies of β̂LMS

0 and β̂LTS
0 relative to β̂OLS

0 do not exceed 28% for
both β̂0 and β̂1. The efficiencies of β̂S

0 relative to β̂OLS
0 are between 32.38% and 41.60%, but

the best efficiency of β̂S
1 relative to β̂OLS

1 is 29.5%. The efficiencies of other methods are much
higher. MM, REWLSE,MH , andMT have smaller RB than those of LMS, LTS, and S estima-
tors. For Case II, MH , MT , MM, and REWLSE work better than other estimates in terms of
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Table . Comparison of different estimates for Example . with n = 20.

OLS MH MT LMS LTS S MM REWLSE

Case I: ε ∼ N(0, 1)

MSE(β̂0) . . . . . . . .
RB(β̂0) − . − . . − . − . − . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . − . . . . .
MAD(β̂1) . . . . . . . .

Case II: ε ∼ t3

MSE(β̂0) . . . . . . . .
RB(β̂0) − . − . . − . . . − . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) . − . − . . . . − . − .
MAD(β̂1) . . . . . . . .

Case III: ε ∼ t1

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . . . . . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . . . − . − . − . − . .
MAD(β̂1) . . . . . . . .

Case IV: ε ∼ 0.95N(0, 1)+ 0.05N(0, 102)

MSE(β̂0) . . . . . . . .
RB(β̂0) − . − . − . − . − . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . . − . − . − . − .
MAD(β̂1) . . . . . . . .

Case V: ε ∼ N(0, 1)with outliers in y direction

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . − . − . . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) . . − . . − . − . . − .
MAD(β̂1) . . . . . . . .

Case VI: ε ∼ N(0, 1)with high leverage outliers

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . . . . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) . . . . . − . . .
MAD(β̂1) . . . . . . . .

MSE and MAD. For Case III, OLS has much larger MSE than other robust estimators; MH ,
MT , MM, REWLSE, and S have similar MSE, RB, and MAD. For Case IV,MH ,MT , MM, and
REWLSE have smaller MSE and MAD than others. From Case V, we can see that when the
data contain outliers in the y-direction, OLS is much worse than any other robust estimates;
MM, REWLSE, andMT are better than other robust estimators. The reason whyMT can per-
form better than MH is that Tukey’s bisquare function can completely remove the effect of
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Table . Comparison of different estimates for Example . with n = 100.

TRUE OLS MH MT LMS LTS S MM REWLSE

Case I: ε ∼ N(0, 1)

MSE(β̂0) . . . . . . . .
RB(β̂0) . − . − . . . . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . . − . − . − . − . − . − .
MAD(β̂1) . . . . . . . .

Case II: ε ∼ t3

MSE(β̂0) . . . . . . . .
RB(β̂0) − . − . . . . . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . − . − . − . − . − .
MAD(β̂1) . . . . . . . .

Case III: ε ∼ t1

MSE(β̂0) . . . . . . . .
RB(β̂0) . − . . − . − . − . . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1)  . . . . . . .
RB(β̂1) − . . . . − . . . .
MAD(β̂1) . . . . . . . .

Case IV: ε ∼ 0.95N(0, 1)+ 0.05N(0, 102)

MSE(β̂0) . . . . . . . .
RB(β̂0) − . . − . . . . − . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . . − . . − . − .
MAD(β̂1) . . . . . . . .

Case V: ε ∼ N(0, 1)with outliers in y direction

MSE(β̂0) . . . . . . . .
RB(β̂0) . . − . − . − . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . . . . . . . .
MAD(β̂1) . . . . . . . .

Case VI: ε ∼ N(0, 1)with high leverage outliers

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . − . . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) . . . . − . . . .
MAD(β̂1) . . . . . . . .

large outliers while Huber’s ψ function can only reduce the effect of large outliers. Finally
for Case VI, since there are high leverage outliers, similar to OLS, bothMT andMH perform
poorly; MM and REWLSE work better than other robust estimates.

In order to better compare the performance of different methods, Fig. 1 shows the plot
of their MSE versus each case for the intercept (left side) and slope (right side) parameters
for Example 3.1 when sample size n = 100. Since the lines for LTS and LMS are above the
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Figure . Plot of MSE of intercept (left) and slope (right) estimates versus different cases for LMS, LTS, S, MM,
and REWLSE, for Example . when n = 100.

other lines, S, MM, and REWLSE of the intercept and slopes outperform LTS and LMS esti-
mates throughout all six cases. In addition, the S estimate has similar performance toMMand
REWLSEwhen the error density of ε is Cauchy distribution.However,MMandREWLSE per-
form better than S-estimates in other five cases. Furthermore, the lines for MM and REWLSE
almost overlap for all six cases. It shows thatMMandREWLSE are the overall best approaches
in robust regression.

Example 3.2. Samples {(x1, y1), . . . , (xn, yn)} are generated from the model

Y = X1 + X2 + X3 + ε,

where Xi ∼ N(0, 1), i = 1, 2, 3 and Xi’s are independent. We consider the following six cases
for the error density of ε:

Case I: ε ∼ N(0, 1)- standard normal distribution.
Case II: ε ∼ t3 - t-distribution with degrees of freedom 3.
Case III: ε ∼ t1 - t-distribution with degrees of freedom 1 (Cauchy distribution).
Case IV: ε ∼ 0.95N(0, 1)+ 0.05N(0, 102) - contaminated normal mixture.
Case V: ε ∼ N(0, 1) with 10% identical outliers in y direction (where we let the first 10% of

y′s equal to 30).
Case VI: ε ∼ N(0, 1)with 10% identical high leverage outliers beingX1 = 10,X2 = 10,X3 =

10, and Y = 50.
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Table . Comparison of different estimates for Example . with n = 20.

TRUE OLS MH MT LMS LTS S MM REWLSE

Case I: ε ∼ N(0, 1)

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . − . − . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . − . . − . − . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) . . − . . . − . . .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . . . − . − . − . . − .
MAD(β̂3) . . . . . . . .

Case II: ε ∼ t3

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . . . . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) . . . − . − . . . .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) − . − . − . − . − . . − . .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) . . . . . − . . − .
MAD(β̂3) . . . . . . . .

Case III: ε ∼ t1

MSE(β̂0)  . . . . . . .
RB(β̂0) − . − . − . − . − . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . . − . . − . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) . . − . . . − . − . .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) . . − . − . − . − . − . − .
MAD(β̂3) . . . . . . . .

Tables 3–6 showMSE, RB, andMADof the parameter estimates of each estimationmethod
for sample size n = 20 and n = 100, respectively. Figure 2 shows the plot of their MSE versus
each case for three slopes and the intercept parameters with sample size n = 100. The results
in Example 3.2 tell similar stories to Example 3.1. In summary, MM and REWLSE have the
overall best performance; OLS only works well when there are no outliers since it is very
sensitive to outliers; M-estimates (MH andMT ) work well if the outliers are in y direction but
are also sensitive to the high leverage outliers.

Example 3.3. In order to compare the performance of outlier detection,we consider two cases:
5% and 10% high leverage outliers in the model. n = 100 samples {(x1, y1), . . . , (xn, yn)} are
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Table . Comparison of different estimates for Example . with n = 20.

TRUE OLS MH MT LMS LTS S MM REWLSE

Case IV: ε ∼ 0.95N(0, 1)+ 0.05N(0, 102)

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . − . . − . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . . − . − . . . .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) − . − . − . − . − . − . − . − .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . − . − . . − . − . − . − .
MAD(β̂3) . . . . . . . .

Case V: ε ∼ N(0, 1)with outliers in y direction

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . − . − . − . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . . . − . − . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) − . − . − . . . − . − . − .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . − . − . − . − . − . − . − .
MAD(β̂3) . . . . . . . .

Case VI: ε ∼ N(0, 1)with high leverage outliers

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . . . . − . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) . . . − . . − . − . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) − . − . − . − . − . . − . − .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . − . − . − . − . − . − . − .
MAD(β̂3) . . . . . . . .

generated from the model

Y = X1 + X2 + X3 + γ + ε,

where γ is a vector, ε ∼ N(0, 1),Xi ∼ N(0, 1), i = 1, 2, 3, andXi’s are independent.Wemod-
ify the firstO rows of predictor matrix X to be X1 = 10, X2 = 10, X3 = 10, whereO ∈ {5, 10}.
The first O rows of γ are randomly generated from a uniform distribution between 11 and
13 and the remaining n − O rows of γ are all zeros. Therefore, the first O observations are
high leverage outliers. In order to compare the performance of outlier detection of differ-
ent methods, we use three benchmark proportions: M, S, and JD (She and Owen, 2011). M
is the mean masking probability (fraction of undetected true outliers), S denotes the mean
swamping probability (fraction of good points labeled as outliers), and JD means the joint
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Table . Comparison of different estimates for Example . with n = 100.

TRUE OLS MH MT LMS LTS S MM REWLSE

Case I: ε ∼ N(0, 1)

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . . . . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . − . − . − . − . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) . . . . . − . . .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) . . . − . − . − . . .
MAD(β̂3) . . . . . . . .

Case II: ε ∼ t3

MSE(β̂0) . . . . . . . .
RB(β̂0) . . − . − . − . − . − . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . − . . − . − . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) . . . . . . . .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) . − . . − . − . . . .
MAD(β̂3) . . . . . . . .

Case III: ε ∼ t1

MSE(β̂0) . . . . . . . .
RB(β̂0) − . − . − . − . − . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . − . − . − . − . − . . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) . . . − . . − . . .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . − . − . − . − . − . − . − .
MAD(β̂3) . . . . . . . .

outlier detection rate (fraction of simulations with 0 masking). Ideally, M ≈ 0, S ≈ 0, and
JD ≈ 100%.

As can be seen from Table 7, S andMM have relatively small probabilities of both masking
and swamping, and LTS has smaller probability of masking but higher probability of swamp-
ing in the presence of 5% outliers. When the proportion of outliers increases to 10%, LMS,
LTS, S, MM, and REWLSE still have high joint identification rates that are larger than 60%.
LMS has lowest masking probability but also has highest swamping probability. As expected,
MH and MT have very high masking probabilities due to their sensitivity to high leverage
outliers.
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Table . Comparison of different estimates for Example . with n = 100.

TRUE OLS MH MT LMS LTS S MM REWLSE

Case IV: ε ∼ 0.95N(0, 1)+ 0.05N(0, 102)

MSE(β̂0) . . . . . . . .
RB(β̂0) − . . − . − . − . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . . . . . . . .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) . . . − . . − . . .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . − . . . . − . . .
MAD(β̂3) . . . . . . . .

Case V: ε ∼ N(0, 1)with outliers in y direction

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . . . . . .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) − . . . . . . . .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) − . − . − . − . . − . − . − .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . . − . − . − . − . − . − .
MAD(β̂3) . . . . . . . .

Case VI: ε ∼ N(0, 1)with high leverage outliers

MSE(β̂0) . . . . . . . .
RB(β̂0) . . . − . − . − . − . − .
MAD(β̂0) . . . . . . . .
MSE(β̂1) . . . . . . . .
RB(β̂1) . . . . − . . − . − .
MAD(β̂1) . . . . . . . .
MSE(β̂2) . . . . . . . .
RB(β̂2) − . − . − . . − . . − . − .
MAD(β̂2) . . . . . . . .
MSE(β̂3) . . . . . . . .
RB(β̂3) − . − . − . − . − . . − . .
MAD(β̂3) . . . . . . . .

Example 3.4. We next use the modified data on wood specific gravity (Olive and Hawkins,
2011; Rousseeuw, 1984; Rousseeuw and Leroy, 1987) to compare OLS with LTS, LMS, S,
and MM. The dataset is shown in Table 9, which contains 20 points and four of them
(i = 4, 6, 8, 19) are outliers (Rousseeuw, 1984). A linear regression model is used to inves-
tigate the influence of anatomical factors on wood specific gravity. The estimates of the six
parameters by OLS, LTS, S, MM, and LMS (LMS estimates are provided by Rousseeuw, 1984)
are shown in Table 8. LTS, S, and MM produce similar coefficient estimates and are close
to LMS estimates. However, the OLS estimates are quite different from those robust esti-
mates of LTS, S, MM, and LMS. Therefore, the OLS estimates are greatly affected by the
outliers.
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Figure . Plot of MSE of different regression parameter estimates versus different cases for LMS, LTS, S, MM,
and REWLSE, for Example . when n = 100.

Table 9 lists the standardized residuals (residuals divided by the estimated scale) for OLS,
LTS, S, MM, and LMS (the standardized residuals for LMS are provided by Rousseeuw, 1984).
The corresponding estimated scales are σ̂OLS = 0.02412, σ̂LTS = 0.0065, σ̂S = 0.01351, σ̂MM =
0.01351, and σ̂LMS = 0.0195, respectively. It is not easy to identify the outliers by looking at
standardized residuals of OLS, but standardized residuals of LTS, S, MM, and LMS could
correctly identify the four outliers and the identified four outliers are exactly the same as
which were spotted by LMS in Rousseeuw (1984). Therefore, the naive method by looking at
the standardized residuals of OLS might miss the outliers due to the masking effect.

Table . Outlier detection results for Example ..

% outliers % outliers

M S JD M S JD

MH . . . . . .
MT . . . . . .
LMS . . . . . .
LTS . . . . . .
S . . . . . .
MM . . . . . .
REWLSE . . . . . .
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Table . Regression estimates for modified data on wood specific gravity.

Estimators β1 β2 β3 β4 β5 Intercept

OLS . − . − . . . .
LTS . − . − . − . . .
S . − . − . − . . .
MM . − . − . − . . .
LMS . − . − . − . . .

Figure 3 shows plots of the residuals versus the fitted values for OLS, LTS, S,MM, and LMS,
respectively. There are obvious four outliers by looking at residual plots of LTS, S, MM, and
LMS. However, the four outliers cannot be easily detected by naively looking at the residual
plot of OLS due to the masking effect.

Example 3.5. Finally, we apply OLS, LTS, LMS, S, and MM estimators to an artificial three-
predictor dataset, which was created by Hawkins et al. (1984) to test the outlier detection of
these regression parameter estimates. The dataset contains outliers at cases 1–10. The stan-
dardized residuals for OLS, LTS, LMS, S, andMM estimations are given in Table 10. The stan-
dardized residuals show that LTS, S, LMS, and MM all correctly flag the outliers and obtain
similar coefficient estimation.Nonetheless, Hadi and Simonoff (1993) indicated thatMMesti-
mator with high efficiency level masked true outliers and swamped in the cases 11–14, but
less-efficient versions of MM estimator (with efficiencies up to about 80%) give results similar
to LMS and LTS. Similar to Example 3.4, OLS estimator fails to identify the outliers.

4. Discussion

In this article, we describe and compare different available robust methods. Table 11 sum-
marizes the robustness attributes and asymptotic efficiency of most of the estimators we have
discussed. Based on Table 11, it can be seen that MM-estimates and REWLSE have both high

Table . Modified data onwood specific gravity with standardized residuals fromOLS, LTS, S, MM, and LMS.

Residual/Scale

i xi1 xi2 xi3 xi4 xi5 xi6 yi OLS LTS S MM LMS

 . . . . . . . − . . . . − .
 . . . . . . . . . . . .
 . . . . . . . . . . . .
 . . . . . . . . − . − . − . − .
 . . . . . . . . . . . .
 . . . . . . . − . − . − . − . − .
 . . . . . . . . . . . .
 . . . . . . . − . − . − . − . − .
 . . . . . . . − . . − . − . − .
 . . . . . . . − . − . − . − . − .
 . . . . . . . . . − . − . .
 . . . . . . . − . . − . − . − .
 . . . . . . . − . . . . .
 . . . . . . . − . − . − . − . − .
 . . . . . . . − . . . . − .
 . . . . . . . . . − . − . .
 . . . . . . . − . − . . − . .
 . . . . . . . . − . − . − . − .
 . . . . . . . − . − . − . − . − .
 . . . . . . . . . . − . .
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Figure . Plots of residual versus fitted values for OLS, LTS, S, MM, and LMS for modified wood data.

breakdown point and high efficiency. Our simulation study also demonstrated that MM-
estimates and REWLSE have overall best performance among all compared robust meth-
ods. However, Park et al. (2012) pointed out that MM-estimates cannot detect any outliers
when the contamination percentage is equal to and above 30%. In terms of breakdown point
and efficiency, GM-estimates (Mallows, Schweppe), Bounded R-estimates, M-estimates, and
LAD estimates are less attractive due to their low breakdown points. Although LMS, LTS,
S-estimates, andGS-estimates are strongly resistent to outliers, their efficiencies are low.How-
ever, these high breakdown point robust estimates such as S-estimates and LTS are tradition-
ally used as the initial estimates for some other high breakdown point and high efficiency
robust estimates.

As one referee pointed out, although MM, S, and LTS have high breakdown points, the
practical computation of these estimators is very challenging, especially for large datasets
(Hawkins and Olive, 2002; Stromberg et al., 2000). The commonly adopted method is to use
the elemental resampling algorithm to obtain a number of subsets of data and calculate the
initial regression estimate for each element set, and then compute the robust regression esti-
mate from a number of initial estimates. However, based on Hawkins and Olive (2002), the
theoretical properties of the above computed estimates depend on the number of elemental
sets and their high breakdown properties usually require the number of elementary sets to
go to infinity. For example, Hawkins and Olive (2002) proved that LTS estimator computed
from the elemental resampling techniques, such as FAST-LTS algorithm, has zero breakdown
point. In order to compute MM, S, and LTS estimators with high breakdown point, one
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Table . Hawkins, Bradu, and Kass data with standardized residuals from OLS, LTS, LMS, S, and MM.

i OLS LTS LMS S MM i OLS LTS LMS S MM

 . . . . .  − . − . − . − . − .
 . . . . .  − . − . − . − . − .
 . . . . .  − . − . − . − . − .
 . . . . .  − . . . − . − .
 . . . . .  . . . . .
 . . . . .  − . − . − . − . − .
 . . . . .  − . − . − . − . − .
 . . . . .  − . . . − . − .
 . . . . .  − . − . − . − . − .
 . . . . .  − . . . . .
 − . − . . . − .  . . . . .
 − . − . . − . − .  − . − . − . − . − .
 − . . . . .  . . . . .
 − . − . − . − . − .  − . − . − . − . − .
 − . − . − . − . − .  − . . . . .
 . . . . .  . . . . .
 . . . . − .  . . . . .
 − . . . . .  . . . . .
 . . . . .  . . . . .
 . . . . .  . − . − . − . − .
 . . . . .  − . . . − . − .
 . . . . .  − . − . − . − . − .
 − . − . − . − . − .  − . . . . − .
 . . . . .  . . . . .
 − . . . − . − .  . − . − . − . − .
 − . − . − . − . − .  − . − . − . − . − .
 − . − . − . − . − .  − . . . . .
 − . . . . .  − . − . − . − . − .
 . . . . .  − . − . − . − . − .
 − . . . . − .  . . . . .
 − . − . − . − . − .  . . . . .
 . − . − . − . − .  . . . . .
 − . − . − . − . − .  . . . . .
 − . − . − . − . − .  . . . . − .
 − . . . . .  . . . . .
 − . − . − . − . − .  − . − . − . − . − .
 − . . . − . − .  − . . . . .
 . . . . .

should consider all possible elemental sets. In addition, Olive and Hawkins (2011) and Park
et al. (2012) pointed out that if a practical initial estimator that has not been proved to be
high breakdown is used in the implementation of the two-stage estimator such as S and MM
estimator, the resulting two-stage estimator may be neither consistent nor high breakdown.

Table . Breakdown points and asymptotic efficiencies of various regression estimators.

Estimator Breakdown point Asymptotic efficiency

High BP LMS . 
LTS . .
S-estimates . .
GS-estimates . .
MM-estimates . .
GM-estimates(SS) . .
REWLSE . .

Low BP GM-estimates(Mallows,Schweppe) 1/(p+ 1) .
Bounded R-estimates < 0.2 .–.
Monotone M-estimates 1/n .
LAD 1/n .
OLS 1/n .
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We would also like to mention some other directions to provide regression estimates that
are robust to outliers. Lee (1989, 1993), Kemp and Santos Silva (2012), and Yao and Li (2014)
proposed modal regression to robustly estimate the regression function. Modal regression
focuses on “most likely” conditional values rather than the conditional average or median.
However, when the error distribution is homogenous, modal regression line is the same as
traditional mean regression line, except for intercepts. In addition, Linton and Xiao (2007),
Yuan and De Gooijer (2007), Wang and Yao (2012), Yao and Zhao (2013), and Chen et al.
(2015) proposed to adaptively estimate the regression functions by estimating the error den-
sity using kernel density estimation. Those adaptive estimates are also demonstrated to be
robust to outliers and heavy-tail error distributions based on their simulation studies.
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