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ABSTRACT
In the framework of the Engle-type (G)iZRCH models, I demonstrate that
there is a family of symmetric and asymmetric density functions for which the
asymptotic efficiency of the semiparametric estimator is equal to the asymptotic efficiency of the maximum likelihood estimator. This family of densities
is bimodal (except for the normal). I also characterize the solution to the
problem of minimizing the mean squared distance between the parametric
score and the semiparametric score in order to search for uninlodal densities
for which the semiparametric estimator is likely to perform well. The LaPlace
density function emerges as one of these cases.
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1

Introduction
The most preferred estimation method used in models with General-

ized Autoregressive Conditional Heteroscedasticity, (G)ARCH, (Engle 1982))
(Bollerslev 1986) is maximum likelihood (MLE). It produces consistent, efficient and asymptotically normal estimators if the mean and the variance
equations as well as the probability density function of the error term are
correctly specified. In many empirical studies, the most common assumption
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about the distribution of the error is conditional normality. But this assumption is rejected very often. Consequently, researchers are using other density
functions that are closer to the data under study. Among others, Baillie and
Bollerslev (1989) and Hsieh (1989) used a Student-t to approximate the conditional distribution of exchange rates, and Nelson (1991) used the Generalized
Error distribution to model the conditional probability density function of
stock returns. Since we do not have guidelines on how to choose the density
function, Engle and Gonzrilez-Rivera (1991) proposed a semiparametsic estimator, which consists of a parsimonious parametric specification of the mean
and variance equations and, even though the conditional probability density
function of the innovations is not known, it is assumed that is sufficiently
smooth to be approximated by a non-parametric density estimator.
Consider a random variable yt that is conditionally heteroscedastic with
conditional variance ht , such that

where ut are independent and identically distributed random variables, known
as standardized innovations. This paper focuses in the Engle-type specifications of the conditional variance ht. The most popular specifications in the
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financial literature are:
i. Bollerslev (1986), GARCH(p,q),

ii. Nelson (1991), EGARCH,
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iii. Ding, Granger and Engle (1993), asymmetric power ARCH

These models are summarized as ht =

yt-2, ....;O ) , the conditional

variance is a function of the past information yt-i and the parameter vector

8. The objective is to estimate the vector 8. The semiparametric estimator
is a two-step estimator. In the first step, consistent estimates of the parameters of interest are obtained through quasi-maximum likelihood estimation,
where the likelihood function is written under the assumption of conditional
normality of the innovations, even though this may be a wrong assumption.
With the initial consistent estimates of 0, a non-parametric density of the
standardized innovations is constructed. The second step consists of using
this non-parametric density to build a non-parametric likelihood that is maximized with respect to 8 (as is explained in more detail in the next section).
The goal of the semiparametric estimator is to recapture the asymptotic efficiency losses due to quasi-maximum likelihood estimation, which can be large
when the true probability density of the standardized innovations is far away
from normality.
An issue very closely related to the semiparametric estimation of GARCH
models is the property of such an estimator to be adaptive An estimator, which

is constructed with a data-based procedure, is said to be ndaptzve if knowledge
of the error probability density function does not help to improve the asymptotic efficiency of the estimator. If the error probability density function is fully
known, the maximum likelihood estimator will have an asymptotic variance
which achieves a lower bound, the Cramer-Rao bound, for all regular estimators. If the semipararnetric estimator is adaptive (the density is unkno'ivn). it
means that the semiparametric efficiency bound equals the asynlptotic vari-
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ance of the MLE.
For the Engle-type (G)ARCH models mentioned above, the variance parameters 9 are not generally adaptively estimable (Engle and Gonzblez-Rivera
1991), (Steigerwald l994), (Drost and Klaassen 1993), (Linton l993), and further research has been directed towards the search for different specifications
of the variance equation that bring back the property of adaptation. In particular, Linton (1993) provides a different specification of the variance equation
in which the scale effect is separated from the rest of the parameters. Under the assumption of symmetric densities, he shows that the relative scale
parameters are adaptively estimable.
In this paper I prove that there is a family of probability density functions
for which the asymptotic variance of the hILE estimator equals the semiparametric efficiency bound for the Engle-type GARCH models, and consequently
adaptive estimators exist within this family. This result holds for symmetric
as well as asymmetric densities. In the next section, I explain the background

and notation used in the paper. Section 3 contains the main results and provides some guidelines about the density functions in which the semiparametric
estimator is more likely to succeed and section 4 concludes.
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Background and notation
Conditioning on the information set

to time t

that contains information up

- 1, the random variable yt is distributed as f (0, h t ) , where ht is the

conditional variance which is a function of past information and of a set of
~ , ....; 0). The probability density function f is
parameters 8, ht = h ( ~ , - yt-2,
not specified. In order to estimate this model, consider the standardized variable ut(8) z y i / f i h t ) . The random variables ut are assumed to be i.i.d. with
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continuous density function g with mean zero and variance one. The shape
of g will be obtained independently from location and scale. The parameters
that define the shape, say 7 , are considered nuisance parameters, but they
may have relevant information for the estimation of the parameters of interest
0. For a sample of length T, the log-likelihood function can be written as

To abbreviate notation I write ut for ut(B). The sample score function is

g' is the derivative of g respect to ut. Note that the first factor in the score

function,

a%,depends solely on past information; it relies on the specifi-

cation of the variance equation. The second factor, (1

+ ui$),

is a function

of ut; it depends on the shape of the density. The factors are independent of
each other. The expectation of the score is zero for any density function, since
integration by parts results in E(ui$) = -1. There is a complete description

of the estimation of this semiparametric model in Engle and Gonzdez-Rivera
(1991).
Let S(q) be the population score vector for the nuisance parameters and
S(0) the population score vector for the parameters of interest. The set of
parameters q is unknown and consequently the semiparametric estimator of 9
cannot exploit the information contained in q. If 7 contains any information
about 8, the efficient score for 8 is found by calculating the residual vector,
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R(0), from the projection of S(9) on the closure of the set of all linear combinations of S(q), or tangent set I.The tangent set consists of linear combinations
of S(q) and because the utls are random variables with mean zero and variance one, the elements of the tangent set are orthogonal to the function vector
(ut, u: - 1)'. Through the projection, all the variation of S(0) due to S ( q ) is
removed (Newey 1990). The residual vector, R(O), is the difference between
S(0) and the projection and, by construction, is orthogonal to the projection.
Hence, R(8) is the efficient score for 0 and the semiparametric bound is

For a sample of length T, the sample vector residual is

and
1 dht

1 aht
Rt(8) = --2ht 36'

where F ( u t ) = ( u t ,u:

- 1)'. A

proof of this result can be found in Bickel et

al. (1993) and Steigerwald (1994).

61
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Probability Density Functions and Variance Parameters
In equation ( 4), Rt(8) is composed of two terms. The first one is easily

recognized as the score vector St(8). The second term is a weighted residual
of the projection of a function of the shape of the density, i.e. ( 1

+ u t f ) ,on

the set F ( u t ) . The smaller the residual the closer R t ( 8 ) will be to the fully

Downloaded By: [CDL Journals Account] At: 04:34 3 February 2011

parametric score, S t ( 8 ) . The limiting case happens when the residual of the
projection of ( 1

+ u,f

) on F(ut) is zero for all t . If this is so, then adaptation

is possible for the variance parameters, within a family of probability density
functions. I distinguish between the symmetric and the asymmetric class.

3.1

Symmetric Densities
If the residual of the projection of ( 1

+ u t $ ) on F ( u , ) is zero for all t l

then

Let us call tc1 the coefficient of kurtosis under the density g(.) Considering
that ut has mean equal to zero and variance equal t o one and that integration
by parts gives E ( u : f ) = 0 equation ( 5 ) is written a s

Rearranging terms and integrating by parts gives E ( u : c ) = -3 and the fol9

lowing differential equation is obtained
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Exponential Symmetric Class. L = degrees of freedom

Exponential Asymmetric Class
A=3,

B=3

A=6,

-4.1

1 4-f.

FIG. 1

B=3
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where X

5.
The solution to equation ( 7) is

Since g ( u t ) has to be a density function, the constant K is found by making
the integral of g ( u t ) equal to one. Furthermore, to solve this integral, it is
required that X
function for

-cx,

ut = 0, then X
Downloaded By: [CDL Journals Account] At: 04:34 3 February 2011

> 0. If we add continuity and differentiability of the density
<

ut

< +m, in particular,

g(.) should be differentiable at

> 2 or X = 1. With these restrictions in mind the final solution

It is easy to check that the random variable ut with density function ( 9)
has, in fact, mean zero and variance equal to 1. The density g ( u t ) belongs to
the exponential family. In particular, g is the density of a random variable
ut that is the ( f )square root of a

X; divided by the degrees of freedom A.

The restrictions on X impose restrictions on the degree of kurtosis of u,. In
fact,

K

has to be bounded between 1 and 2, for X > 2 , that is, u t has to be

platykurtic. The limiting case happens when X = 1 ( K = 3 ) , that is, g ( u t )
is normal. It can be concluded that independently of the specification of the
variance equation, the variance parameters can be estimated adaptively in the
family of functions described by equation ( 9). Figure 1 contains plots of the
density ( 9) for different values of A.

3.2

Asymmetric Densities
For asymmetric densities, the same line of argument can be followed. In

this class ~ ( u a=) c , where c is the coefficient of skewness.

The differential equation that follows from ( 5 ) looks like

where
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Among the possible solutions to ( l o ) , the solution implied by J y(u)du = 1 is

where K1 and h; are the normalizing constants. It should be noted that
these two constants must be different in order to ensure that the ut's have
mean zero. This function will be asymmetric for B

#

0. It is bimodal and

because continuity and differentiability of the density are required, A

> 2. As

in the symmetric case, adaptation will be possible in two-parameter family of
densities if and only if

K

- c2 < 2. Figure 1 contains plots of the density ( 11)

for different values of A and B.

3.3

Unimodal Densities
The previous subsections have dealt with instances in which the semi-

parametric score equals the fully parametric score, i.e. Rt(B) = St(0) and as
a result a class of densities emerge for which adaptive estimators do exist.
These densities share the property of being bimodal, with the exception of
the normal density that is a limiting case. In this subsection, I focus on the
search of unimodal densities for which the semiparametric estimator is likely
to perform well.
The performance of the semiparametric estimator depends on the "closeness" of the semiparametric score R(8) to the parametric score S(8) . Using
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equation ( 2) and substituting in ( 4), I write

-

1

+ u 99't

- t ~ u t ~ ~ u t ~ u t ~ -( 1 ~
2) u t }

The goal is to minimize Rt(0)- St(0)according to a mean squared criteriuni,
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respect to a density g(.).
To characterize the solution to this problem, consider that the quantity

E (&%) does not depend on the density g ( . ) and the minimum of Q will be
given by the minimum of

Working out the previous expression,

and, since H is non-negative, the solution to the problem ( 13) is characterized
by the conditions

for symmetric densities; and

for asymmetric densities.
The probability density functions given in ( 8) and ( 1 1 ) satisfy ( C l )
and (C2) respectively. If I add the restriction that g ( . ) should be unimodal,
a solution to the problem ( 13) is the normal density. For other unimodal

TABLE I
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Symmetric Unimodal Densities
Density
d
R
d - 5
Student-t
1.25 9.0
v=5
0.75
1.45 4.5
v=8
0.31
v = 12
0.14
1.60 3.75
0.20
LaPlace (0,l) 1.0 6.0
Logistic ( 0 , l ) 1.43 4.2
0.18
Asymmetric Unimodal
d
R
Density
Lognormal ( 0 , l ) 35.72 116.9
Chi-square
10.0
5.4
v=5
6.0
5.0
v=6
4.0
4.5
v =8
4.0
v=12
3.0

Densities
(

d--

6.18

35.65

1.26
1.15
1.0
0.81

8.57
4.50
3.40
1.30

v is degrees of freedom.
All densities have been standardized, the random variables utls have mean zero and

variance equal to one

-

density functions, the approach I follow is to pick up the function and evaluate
the conditions ( C l ) and (C2). To abbreviate notation, define d
u , $ ( u , ) ) ~The
.
closer d -

E(l

+

-&is to zero, the better the performance of the

semiparametric estimator. Table I summarizes the findings.
Among the symmetric densities considered, the semiparametric estimator
is likely to perform well within the family of densities as the Student-t with
more than 12 degrees of freedom, LaPlace distributions and Logistic distributions. Among the asymmetric densities, the Chi-square distributions with
more than 12 degrees of freedom are also good candidates. These results are
not surprising because the larger the degrees of freedom, the closer to the nor-
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ma1 density. However, the LaPlace result is interesting because of the high
kurtosis and the relative small distance d -

4

5.

Conclusions
In the framework of the Engle-type (G)ARCH models, I have shown that

there is a family of density functions for which the efficiency of the semiparametric estimator is equal to the efficiency of the maximum likelihood estimator,
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either with symmetric or asymmetric densities. This family of densities share
the property of being bimodal (except for the normal) and that explains part
of the Monte-Carlo results found in Steigerwald (1994), where the performance
of the semiparametric estimator under bimodality is consistently superior to
the one under more standard distributions as the Student-t and Lognormal.
I have characterized the solution to the problem of minimizing the mean
squared distance between the semiparametric score and the fully parametric
score, R(8) - S(0). Conditions ( C l ) and (C2) should be satisfied by those
densities for which the asymptotic efficiency of the semiparametric estimator
equals t o the efficiency of the maximum likelihood estimator. Among unimodal
densities, I have searched for instances in which, even though ( C l ) and (C2)
are not satisfied, the semiparametric estimator is likely to perform well. I
found that the LaPlace density function emerges as one of those cases.
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