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Probability and Distribution



Introduction I

e A phenomenon is random if individual outcomes of the
experiment are uncertain but there is nonetheless a regular

distribution of outcomes in a large number of repetitions.

e Three key words for describing random phenomenon:
experiment— any procedure that (1) can be repeated,
theoretically, an infinite number of times; and (2) has a
well-defined set of possible outcomes.
sample space— set of all possible outcomes of an experiment.
Denoted by C.
event— any subset of the sample space C, denoted by C. An event
is said to occur if the outcome of the experiment is in C.

e Probability theory is a mathematical model for random

phenomenon



Examples I

It is a experiment: (1) coin may be repeatedly tossed under

the same conditions and (2) only two possible outcomes
Sample space C={T,H}
Event: Cl = {T},CQ — {H}

Sample space
C={TTTHTT,THT,TTHHHT HTH, THH, HHH}
Event: majority of coin show heads
C={HHT HTH, THH,HHH}

Sample space C={HT HHT HHHT ,HHHHT,....}
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Set Theory I

A set is a collection of objects under consideration, sometime it is
also called the space. If an object x belongs to a set C, it is said to
be an element of the set, denoted by x € C.

If for every z € (' it is also true that x € C5, then the set C is
called a subset of the set C5, denoted by C7 C Cs. If C7 C O
and Cy C (', then C; = (.

If a set C has no elements, C is called the null set and denoted

by C'=0¢.

The union of C'; and C5, written C7UC5, is the set of all
elements belong to either C; or Cs or both.



The intersection of | and (5, written C1NC5, is the set of all
elements belong to both C; and (.

Note: The union and intersection of multiple sets are
defined in a similar manner

If ¢' C C, then the complement of (' consists of all elements of
C that are not elements of C, denoted by C°. In particular,

cc = .

Two sets A and B are said to be mutually exclusive if they have
no elements in common - that is AN B = ¢.

(C1 N Co)® = C1¢ U Cs°
(C1 U Co)¢ = C¢NCS



Commutative law: AUB=BUA, ANB=BNA
Associative law:

(AUB)UC = (AuC)uU(BUC), (AnNB)NC =(AnC)Nn(BNC)

Some examples of set function.

integral over a one(two)-dimensional set C:

Jo fx)dz ([ [, 9(z,y)dxdy)

sum extended over all x € C ((x,y) € O):

ZC flx)(D Zc 9(z,y))

1.2.1,1.2.2,1.2.4,1.2.5,1.2.8,1.2.13,1.2.14



The Probability Set Function

e LFrequency interpretation of probability

The relative frequency fo of an event C' is a proportion
measuring how often, or how frequently, the event occurs in an
experiment repeated N times. That is, fo = #{C}/N.

Example (page 2): In the cast of one red die and one while die,
let C denote the sample space consisting of the ordered pairs. Let
C' be event that the sum of the pair is equal to seven. Suppose
that the dice are cast N=400 times and f-=60. Then the relative
frequency is 0.15.

Note: Three properties of relative frequency:

(1)fe = 0.

(2)fe < 1.

(3)Suppose that A and B are mutually exclusive events, then

Jaus = fa+ /B



The frequency interpretation of probability is that the
probability of an event C' is the expected relative frequency of C
in a large number of trials. In symbols, the proportion of times
occurs in trials, call it P,(C), is expected to be roughly equal to
the theoretical probability P(C) if n is large: P,,(C) ~ P(C) for
large n.

Example: Observation of the sex of a child. The sample space is
C={boy,girl}. The following table shows the proportion of boys
among live births to residents of the U.S.A. over the past 13
years. The relative frequency of boys among newborn children in
the U.S.A. appears to be stable at around 0.512. This suggests
that a reasonable model for the outcome of a single birth is
P(boy)=0.512 and P(girl)=0.488.



Year
1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002

Number of Births

4,158,212
4,110,907
4,065,014
4,000,240
3,952,767
3,926,589
3,891,494
3,880,894
3,941,553
3,059,417
4,058,814
4,025,933
4,021,726

Proportion of Boys

0.5121179
0.5112054
0.5121992
0.5121845
0.5116894
0.5084196
0.5114951
0.5116337
0.5115255
0.5119072
0.5117182
0.5111665

0.5117154
10



e o-Field:
Let B be a collection of subsets of sample space C. B is a o-Field
if
(1) peB
(2) If Ce€ B then C° € B
(3) If the sequence of sets {C1,Ch,...} is in B then |-, C; € B.

Note:
(1)o-Field always contains ¢ and sample space C
(2)o-Field is also closed under countable intersection

Some examples of o-Field: Let C be any set

1. Let CCC,B={C,(C", ¢,C} is a o-Field.

2. B={the collection of all subsets of C} is a o-Field.

3. Suppose D is a nonempty collection of subsets of C,
B=nN{e:D Ce and ¢ is a o-Field} is a o-Field.

4. Let C=R, where R is the set of all real numbers. Let Z be the
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set of all open intervals in R. Bp =N{e:Z Ce and ¢ is a
o-Field} is a o-Field. By is often referred to as the Borel o-Field

on the real line.

Axiomatic definition of probability

Although the frequency interpretation of probability is the way
what probability represents but it is hard to make it into a
rigorous mathematical definition of probability. Kolmogorov
(1933) developed an axiomatic definition of probability which he
then showed can be interpreted, in a certain sense, as the limit of

the relative frequency in a large number of experiments.

Let C be a sample space and let B be a o-Field on C. A
probability function(measure) on the event C' € B is a real
valued function defined on B which satisfies the following

three axioms:

1. 0 < P(C) for all Ce B
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2. P(C)=1 where C is the sample space .

3. For any sequence of mutually exclusive events {C,, },
P(Uiozl Cn) = ZZL P(Cy)

We refer to P(C) as the probability of an event C.

Using these axioms and strong law of large numbers, we will
prove it in Chapter 4 that if an experiment is repeated over
and over again, then with probability 1, the proportion of
times that a specific event C' occurs converges to P(C'), which

is essentially the frequency interpretation of probability.
For each event C € B, P(C) =1 — P(C")
P(¢) =0
If C; C Gy, P(CYy) < P(Cy)
0 < P(C)<1foreach Ce B
P(CLUCy) = P(Cy) + P(Cy) — P(Cy N ()

Note: Theorem 1.3.5 can be extended to provide an
expression for P(Cy U Cy--- U Cy); see remark 1.3.2 (the
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inclusion-exclusion identity).

e Permutation and Combinations

The basic principle of counting: Suppose that two experiments

are to be performed. Then if experiment 1 can result in any one
of m possible outcomes and if for each outcome of experiment 1
there are n possible outcomes of experiment 2, then together
there are mn possible outcomes of the two experiments.

Generalized basic principle of counting: If r experiments that are

to be performed are such that the first one may result in any of
ny possible outcomes and if for each of these possible outcomes,
there are ny possible outcomes of the second experiment, and if
for each of the possible outcomes of the first two experiments,

there are ng possible outcomes of the third experiment, and if ...
then there is a total of ny * ng x - - - n,. possible outcomes of the r

experiments.
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— A permutation of n distinct object is an arrangement of these
objects on a line and the number of permutations of n distinct
objects is equal to n! (=n(n —1)---(3)(2)(1))

— An k permutation of n distinct object (k < n) is an
arrangement of k objects chosen from n distinct objects and
the number of k permutations from n distinct object, denoted
P’ and equal to n(n-1)(n-(k-1))=n!/(n-k)!

— An k combination from n distinct object (k < n) is a subset
containing k objects taken from the set containing these n
distinct objects. Note that the order to choose the objects out
from the given set is not on account for a combination. The

number of k combinations from n distinct object, denoted

n

k
and equal to n!/k!(n-k)!

or C} (also refered to as a binomial coefficient)
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— Example 1.3.4 Let a card be drawn at random from an
ordinary deck of 52 playing cards which has been well shuftled.
(1) The probability of drawing a card that is a spade is 0.25
(2) The probability of drawing a card that is a king is 1/13.
(3) Suppose 5 cards are taken at random without replacement
and order is not important. Then the probability of getting a
flush, all 5 cards of the same suit, is 0.00198.

(4) The probability of getting exactly 3 of a kind and the
other two cards are distinct and are of different kinds is 0.0211
(5) The probability of getting exactly three cards that are
kings and exactly two cards that are queens is 0.0000093.
Note: The case discussed above is assuming that all the
outcomes in the sample space are equally likely.

— A loaded dice example A die is loaded in such a way that
the probability of any particular face’s showing is directly
proportional to the number on that face. What is the
probability of observing 1,2 or 37
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Solution: The experiment generates a sample space containing
six outcomes that are not equally likely. By assumption,
P(“i“face appears)=P(i)=ki, i=1,- - - ,6, where k is a constant.
Since 2?21 P(i)=1, we have k=1/21.
Therefore,P(1)4+P(2)+P(3)=2/7.
e Theorem 1.3.6 (Continuity theorem of probability)
Let C), be an increasing (decreasing) sequence of events. Then

- o () (r(fe) o

e Theorem 1.3.7 (Boole’s Inequality) Let C), be an arbitrary
sequence of events. Then

(e)<Srie )

o Exercise 1.3.2, 1.3.4.1.3.6,1.3.16, 1.3.24
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Conditional Probability and Independence I

e Intuitive Definition: the conditional probability of an event is the
revised probability of the event when there is additional

information about the outcome of the random experiment.

e A motivated example (1.4.2)
A bowl contains 8 chips: 3 red, 5 blue. Draw two chips
successively at random and without replacement. Cy={1st draw
is red chip}, Co={2nd draw is blue chip}. How to calculate P(2nd
draw is blue chip(Cs) given the 1st draw is red chip(Cy))="

Now, sample space=C1={(R,R),(R,B)}, event={(R,B)} and
_Pipy _ PiP/Py
PPl PYP/ P

As we can see P(C3|Cy) = P(C1NC3|Ch) = P(g(lgl%)lw

P(2nd draw is blue given the 1st draw is red)

18



e Definition of conditional probability
The conditional probability of an event Cs, given an event Cf,
denoted by P(C2|CY), is defined as P(C53|Cy) = P(g(lgl%)
provided P(Cy) > 0, Cy, Cs C C.
Q: Is the conditional probability function a probability set

function?

A: It is a probability set function defined on o-Field on sample

space (1.
: C1NCs
()P(Ce|Cy) = ZQHS) > 0
(i) P(C1|C1) =1
(iii)Let {C;}, i=2,--- , 00 be a pairwise mutually exclusive

19



sequence of events, Then

- P((UiZ2 Ci) N C) _ P(UiZ5(Ci N Ch))
PUCION =" ey P

_ i PG m(Jl f:PC NCy)
P(C, P(C

1=

Ci|Ch)

|Mg

e Multiplication rule for probability
For any events C1, Cy with P(C7), P(C3) > 0, then
P(CiNCy) = P(Cy|Cr)P(Cy) = P(C1|Cy)P(Cy)
Note: The multiplication rule can be extended to three or more

events.
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e Law of Total probability
If C1,C5,...CY is a collection of pairwise mutually exclusive and
exhaustive events, that is C; N C; = ¢ for 7 # j and C = Ule C;,
and P(C;) > 0, i=1,....k. Then for any event C,

k
P(C) = ZP(C!@)P(C@')
i=1
The law of total probability enable us to evaluate the probability
of certain events by breaking them into subevents for which we
know ( or can determine) the probabilities

e Bayes’ theorem
If Cq,C5,...C}, is a collection of pairwise mutually exclusive and
exhaustive events with P(C;) > 0, i=1,....k. Then for any event
C with P(C) > 0, and for a given i, 0 < i < k,
P(C|C;) P(C;)
k

>_i—1 P(C|C) P(C)

21
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Here, P(C;) is called prior probability and P(C;|C) is called
posterior probability.

Independent Events

Two events C', C5 are independent if any one of the following
hold:

(1) P(C1NCy) = P(C1)P(Co).

(2) P(C1|C2) = P(Ch)
(3) P(C2|Ch) = P(C2)

Independency of n events
Let C1,C5---C), be n given events. These events are mutually
independent events if and only if for any 2 < k < n,

P(Cdl m610l2 m"'mcdk) :P(Od1)P(Cd2)”'P(Cdk)
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Random Variables I

It is more convenient to describe the elements of a sample space C

with numbers.

e A simple example
A sample space C={c: where c is Tail or ¢ is Head }. If we define
a function X such that X(c)=0 if ¢ is T and X(c) =1 if ¢ is H,
this sample space can be described by a sample space on the real
numbers D={x: 0,1}.

e Definition 1.5.1 (random variable)
A random variable X is a real-valued function defined on the
sample space C, which assigns to each element ¢ € C one and only

one number contained in the set of real numbers

D={zx:z=X(c),ceC}
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e Probability model of X
If BCDand C={c:ceC and X(c) € B}, then the probability
of event B, denoted by Px(B), is equal to P(C).
Px (B) is also a probability set function
(1) Px(B) = P(C) 20
(2) Px(D) = P(C) = 1
(3) For a sequence of mutually exclusive events { B, }, let
Cp={c:ceC and X(c) € Bp}. {C,,} are mutually exclusive.

e Definition 1.5.2 (Cumulative Distribution Function) Let X be a

random variable, the cumulative distribution function (cdf) of X
is defined by,

Fx(x) = Px((—o0,2]) = P({ceC: X(c) <z})=P(X <x)
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e Theorem 1.5.1 Let X be a r.v. with cdf F(x). Then
(a) For all a and b, if a < b then F(a) < F(b). (F is a
nondecreasing function).
hint: {X <a} C {X <b}

(b) lim, oo F(z) =0

(¢) limg oo F(z) =1

hint:{ X < —o0} = ¢, {X < 00} = samplespace

(d) limy |5, F'(z) = F(z0), (F is right continuous).
hint: let {z,} be any sequence of real numbers such that z,, | xo.
Let Cp, = {X < z,}. Then () _, C,, = {X <z}

e Theorem 1.5.2 Let X be a r.v. with cdf F(x). Then for a < b,
P[CL < X < b] = Fx(b) —Fx(a).

e Theorem 1.5.3 For any random variable,
P[X = x| = Fx(x) — Fx(xz—), for all x € R, where
Fx(z—) = lim,1.Fx(2).
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Discrete and Continuous Random Variables I

A r.v. is a discrete r.v. if its space is either finite or countable. A r.v.
is a continuous r.v. if its cdf F(x) is a continuous function for all
reR

e Probability Mass Function Let X be a discrete r.v. with space D.
The probability mass function (pmf) of X is given by
px(z) = P|X = x|, for x € D.
Note: 0 <px(z) <l,z€Dand )  .pox(r)=1

e Probability Density Function Let X be a continous r.v. with cdf
F(x). If there exists a function f(x) such that the F(x) of X can
be written as F(z) = [ __ f(t)dt for all z € D. f(x) is called the
pdf of X.

(1) If f(x) is also continuous then £ F(z) = f(z)
(2)Pla< X <b)=Pa<X<bh=Pa<X<b=Pla< X<
b) = [ fx(t)dt. ( P(X=a)=0 and P(X=b)=0)
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3)fx(z) >0and [C__ fx(t)dt=1

e Transformations Occasionally we may know the distribution of a
random variable X but require the distribution of a function
Y=g(X).

(1) If g is one-to-one and X is discrete r.v. then, py (y) = P|Y =
yl = Plg(X) =y| = P(X =g 1(y)] = px(971())

(2) If g is not one-to-one, usually we will have single-valued
inverse function ¢~ !(y) and the pmf of Y can be obtained easily.
See example 1.6.4.

(3) If g is one-to-one and X is continuous r.v. then,
fy(y) = fx(g‘l(y))lfl—j\, where z = ¢~ !(y) and
dz/dy = d[g~" (y)]/dy.
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Expectation of a Random Variable I

e A example: Suppose N observations of a r.v. X consist of ng
zeros, nq ones, ny twos,... Then the sample mean, or average, can

be written as

= Ong+1ny +2ny +--- no ni no
N O(N)+ (N)—I_ (§)F
= O0po + 1p1 +2p2 +--- = E TPy

x

where p, = n, /N, the observed relative frequency of x’s. Now let
N — oo, then p, — P(z) for all x, so that X — > P(z). This
limit is the population mean of X and is denoted by E(X), the
expectation of X.

e Definition 1.8.1 (Expectation).
If X is a continuous r.v. and [~ |z|f(z)dz < oo, then the
expectation of X is E(X) = [z f(x)dz.
28



If X is a discrete r.v. and ) |z|p(z) < oo, then the
expectation of X is E(X) =) xp(x).

e Theorem 1.8.1 ( Expectation of a function of a r.v.)
Let Y=g(X) ,
If X is continuous r.v. with pdf fx(z) and

/= 19(2) ] fx (2)dz < oo, then E(Y) = [7_ g(2) fx (x)dz
If X is a discrete r.v with pmf px(z) and Zx lg(x)|px(x) < o0,

then E(Y) =3, g(z)px (2).
e Theorem 1.8.2 Elk1g1(X) + koga(X)] = k1 E|g1(X)] + ko Elg2(X)]
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Some Special Expectation I

Definition 1.9.1 (Mean)
u = FE(X), where p is called the mean of X.

Definition 1.9.2 (Variance)

0% =Var(X) = E[(X — u)?], where 02 or Var(X) is called the
variance of X.

Var(X) = BE(X?) — u?

E(X?) = [E(z)]?

If X is a r.v. with mean p and variance o2, then for any real

constants a and b, Var(aX + b) = a*Var(X) = a*0”

Moment
The kth moment about the origin of a r.v. X (if the expectation
exists): p, = E(X¥)
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The kth moment about the mean of a r.v. X( if the expectation
exists): up = E[(x — pu)¥]

/ .
[ =Inean, [lo=variance

Definition 1.9.3 (Moment Generating Function)

M(t) = E(e'X). The domain of M(t) is the set of all t such that
E[e! X] exists. This domain is an interval containing 0. M(t) is
called moment generating function (mgf). Other way to say,
there is an h > 0 such that Ee* X] exists for all ¢t € (—h, h). If

such h doesnt exist, then X doesnt have a mgf.

Theorem 1.9.1 (Uniqueness of mgf.) Let X and Y be random
variables with mgf Mx and My, respectively, existing in open
intervals about 0. Then Fx(z) = Fy(z) for all

z2€ R< Mx(t) = My(t) for all t € (—h, h) for some h > 0
Note: mgf uniquely and completely defines the distribution of a

Ir.v.
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o If the mgf of a r.v. X exists, then E(X") = M()(0) and

for |t| < h for some h > 0.

o If X is a r.v. with mgf Mx (¢), then Y=aX+b, a and b are
constants, will have the mgf My (t) = e** Mx (at).
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Important Inequalities I

e Theorem 1.10.1 Let X be a random variable and let m, k are
positive integers, where k < m. If E[X™] exists, then E[XF]
exists.

e Theorem 1.10.2 (Markov’s Inequality) Let u(X) be a nonnegative
function of the random variable X. If E[u(X)] exists, then for

. Elu(X)]
every positive constant ¢, Plu(X) > c] < ==

e Theorem 1.10.3 (Chebyshev’s Inequality). Let r.v. X have a
distribution of probability about which we assume only that
there is a finite variance o (this implies the mean u = F(X)
exists,why?). Then for every k > 0,

1
P(\X—M\Zkg)ﬁﬁ
1
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e Definition 1.10.1 (Convex function) A function ¢ defined on an
interval (a,b), —oo < a < b < o0, is a convex function if for all
x,y in (a,b) and for all 0 < v < 1,

olyz + (1 =7yl <o) + (1 —7)d(y)
We say ¢ is strictly convex if the above inequality is strict.

e Theorem 1.10.4. If ¢ is differentiable on (a,b) then
(a) ¢ is convex < ¢ (z) < ¢ (y), for all a < x < y < b.
(b) ¢ is strictly convex <= ¢ (z) < ¢ (y), for all a < z < y < b.
If ¢ is twice differentiable on (a,b) then
(a) ¢ is convex <= ¢ (x) >0, for all a < = < b.
(b) ¢ is strictly convex <= ¢ (z) > 0, for all a < x < b.

e Theorem 1.10.5 (Jensen’s Inequality). If ¢ is convex on an open

interval I and X is a r.v. whose support is contained in I and has
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finite expectation, then,
¢[E(X)] < E[¢p(X)]

If ¢ is strictly convex then the inequality is strict, unless X is a

constant random variable.
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2 Multivariate Distribution
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Distribution of Two Random Variables I

e A example:Toss a coin three times, then the sample space
C={c:TTT,TTH, THT,HI'T, THH HTH, HHT, HHH}
X1: number of H’s on first two tosses.

Xi(c) =0 if c=TTT, TTH

Xi(c) =1if c=THT,HTT, THH,HTH
Xi(c) =2 if c=HHT,HHH

Xo5: number of H’S on three tosses.
Xo(c) =0if ¢c=TTT

Xs(c) =1if c=TTH,THT,HTT
Xs(c) =2 if c=THHHTH,HHT
Xa(c) = 3 if c=HHH

Thus, X = (X1, X3) : C — A,where
A={(0,0),(0,1),(1,1),(1,2),(2,2),(2:3)}
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e Definition 2.1.1 (Bivariate r.v.)A bivariate random variable
X = (X1, X3) is a real-valued function which assigns to each

element c of sample space C one and only one ordered pair of
numbers X;(c) = x1, X2(c) = x2. The space of X = (X1, X5) is
A = {(5[31,562) : Xl(C) = ZCl,XQ(C) = T9,C € C}

e Definition If event A C A,C = {c:c € C and
(X1(c), X2(c)) € A}, then P((X1,X2) € A) = P(C).

e A bivariate random variable is of the discrete type or of the

continuous type

PX,Xs (x1,22) = P| X1 = x1, X5 = x3] joint pmf for discrete case

Fx, x,(x1,22) = P(X1 <21, X2 < 29)

Z Z Px,.x,(T1,22) joint cdf for discrete case

u<zr, v<xso
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(?’)O < PXi,X5 (.731,332) <1
(’LZ) ZszlaXQ (ZCl,ZEQ) =1

(22¢)for an eventA € A, P[(X1,X2) € A] = ZZle x, (1, 22)

Example cont. Consider the previous example, what is the joint
pmf of X; and X57 What’s the probability of event
A={(1,1),(1,2)}?

Another example: A bin contains 1000 flower seeds consisting of
400 red, 400 white and 200 pink when flowering. If 10 seeds are
selected at random without replacement, and if X: number of
red, Y: number of white. Find the joint pmf of X and Y.
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0°Fx, x,(v1,72)

fx, x,(x1,22) = joint pdf for continuous case

8%18%2
1 o
Fx, x,(x1,x2) I/ fx,.x, (w1, we)dwi dws
—o00 J —o0

joint cdf for continuous case

(7’)0 < fX1,X2(x17x2) <1
(Z@)// le,Xg (xl,afg)dllfldxg =1
A
(237)for an eventA € A, P|(X1, X2) € A] = // fx,.x, (21, z2)dx1dTo

Example 2.1.2

e Theorem
Pla< X1 <b,c< Xy <d)=F(b,d) — F(b,c)— F(a,d) + F(a,c)
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e Marginal Distribution
The marginal pmf for a single discrete r.v. can be obtained from

the joint discrete pmf by summing

fx, (@ prl X, (%1, T2), fx, (2 prl,X2 (z1,T2).

allxo allxq

The marginal pdf for a single continuous r.v. can be obtained

from the joint continuous pdf by integrating

fx, (x / Ix,.x, (21, w2)dx2, fx,(x / Ix, x, (21, x2)d21.

Example 2.1.3, 2.1.4

e Expectation
Let (X1, X5) be a bivariate r.v. and let Y = g(X7, X5) for some

real valued funtion
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Suppose (X1, Xo) is discrete, then E(Y) exists if

Z Z 9(z1, 22)|px;, x5 (%1, T2) < o0

r1 T2

Then

= Z Z g(a:l, :Ijg)pxl,x2 (51317 5132)
1 9

Suppose (X1, Xo) is continuous, then E(Y) exists if

/ / g(z1,22)|fx, x5 (1, 22)dx1d2re < 00
Then

= / / g(z1,22) fx, x, (%1, T2)dx1dTe

e Theorem 2.1.1. Let (X1, X3) be a bivariate r.v. Let

Y1 = g1(X1, X32) and Yy = go( X7, X32) be random variables whose
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expectations exist. Then for any real numbers k1, ko,
E(klyl + kQYQ) = klE(Yl) + kgE(Yg)
Example 2.1.5, 2.1.6

Definition 2.1.2 (Moment Generating Function of a Bivariate
r.v.) Let X = (X1, X5) be a bivariate r.v. If F(ef1X11t242)
exists for |t1| < hy and |ta| < hy, where hy, hy are positive, then
My, x,(t1,t2) = E(elt*17t2%2) ig called the moment-generating
function (mgf) of X.

Mx, (t1) = Mx, x,(t1,0), Mx,(t2) = Mx, x,(0,t2)
Example 2.1.7

Definition 2.1.3 (Expected value of a Bivariate r.v.) Let
X = (X1, X5)" be a bivariate r.v. Then the expected value of X

exists if the exp_ectations_of X7 and X, exist.
5 X1 _ E(Xy)
X E(X5)
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Transformations: Bivariate Random Variables I

e Discrete Case
Let px, x,(x1,x2) be the joint pmf of two discrete-type r.v. X;
and X5. Let y1 = p1(x1,22) and yo = po(x1, x2) define a
one-to-one transformation. What are the joint pmf of the two
new random variables Y7 = u1 (X1, X3) and Yo = o (X1, X2)?

— T ’ZE 1 — W ’
(1) Y1 M1( 1 2) N 1 1(3/1 yz)

Yo = M2(5E1,SIJ2) To = w2(y1,y2)

(2) Pvi,va (W1, 92) = Pxyx0 [wi (Y1, y2), w2 (y1, y2)]
example 2.2.1

e Continuous Case
Let fx, x,(x1,x2) be the joint pdf of two continuous-type r.v.
X7 and X5. Let y1 = p1(x1,22) and yo = ps(x1,x2) define a
one-to-one transformation. What are the joint pdf of the two

new random variables Y7 = u1 (X1, X3) and Yo = o (X1, X3)?
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= X1,T r1 = W ,
U1 ,ul( 1 2) N 1 1(y1 ?JQ)

(1)

Yo = p2(x1,22) T2 = wa(Y1,Y2)
Oz Oz
(2) J=| 99 9v Jacobian of the transformation
Ozy  Oxp
Oy1 Oy2

(S)fyl,Yg (y17y2) — le,XQ [wl(y17y2),w2(ylay2)]|=]|
Example 2.2.3, 2.2.4, 2.2.5

e In addition to the change-of-variable techniques for finding
distributions of functions of random variables, there are two
other techniques: cdf techniques and mgf techniques.
Example 2.2.2, 2.2.6,2.2.7
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Conditional Distributions and Expectations I

For example, the discrete random variable X and Y have joint
probability mass function (pmf) defined by the following table. what
is P(1 <X <3|Y =2)? what is E(Y|X = 3)7

y
1 2 3
0 0.1 0.05
0.3 0 0.1
0.05 0.05 O
0.2 0.05 0.1

[ G S
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e Conditional pmf of the discrete r.v.
Xy, X5 discrete r.v.
px, x, (w1, 29): joint pmf
px,,Px,: marginal pmf
Then for any px, (z1) > 0,

P(X, =1, X2 = x2)

P(XQ _— iUQ‘Xl f— le) —

P(Xl = $1)
_ PXq,X5 (.@1, 372)
Px, (:Ul)

= PXq| X, (162‘331)

Px,|x, (®2|71) is called the conditional pmf of X, given X; = z.
Similarly, px, |x, (71]|72) is called the conditional pmf of X; given
X2 — X9.

Question: Is the conditional pmf a probability mass function?
Pxq, X5 (T1,22)

(i)pX2|X1(CC2|ZE1) — le(xl) > O

47



(i)

e Conditional pdf of the continuous r.v.
Xy, X5 continuous r.v.
[x, x, (w1, w2): joint pdf
fx., fx,: marginal pdf
Then for any fx,(x1) > 0, J x5 x, (x2]xy) = leJ;;{f((ill)’m) is called
the conditional pdf of X5 given X; = x1. Similarly,
fx11x,(x1]|72) is called the conditional pdf of X; given X, = x.
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Question: Is the conditional pdf a probability density function?

fxq,x5(x1,22)

(1) fx,x, (@2|z1) = e 0
(i)
~ > fX1 Xo (x17x2)
dro = : d
[ ool = [ S

1 (0. @)

le (xl) —00
fX1 (xl)
 fx (@) :

e Conditional probability
discrete case:

Pla < X5 < b Xy = 11) Z Px2|x, (T2|r1)

a<xro<b

Pc < X1 <d[ X3 = z3) Z Px1)x, (1]72)

c<x1<d
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continuous case:

b
P(a < X9 < b‘Xl — .731) — / fXQ\Xl ($2’$1)dl‘2

d
P(C < X1 < d‘XQ = 1'2) = / le\XQ (.731’1’2)d331

e Conditional Expectation
If u(X5) is a function of X5, then
discrete case: E(u(X2)|X1) =), w(x2)px, x, (r2|71)

continuous case: E(u(X2)|X1) = [*. u(z2) fx,|x, (z2|z1)dzs

e Conditional Variance
If u(X32) is a function of X, then

var(u(Xa)|z1) = E{[u(X2) — E(u(X2)|z1)]?|x1}
= B(X3|21) — [BE(Xa|21)]?
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e Theorem 2.3.1 Let (X7, X2) be a random vector such that the
variance of X5 is finite. Then,
(a) E[E(Xa|X1)] = B(X)
(b) var[E(X2|X1)] < Var(Xs)

Example 2.3.1, 2.3.2, Exercise 2.3.1,2.3.4,2.3.5,2.3.6,2.3.8
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The Correlation Coefficient I

e Covariance and Correlation coefficient Let X and Y be two given
r.v.’s. The covariance of X and Y, denoted cov(X,Y), is defined
as

cov(X,Y) = E[(X — m)(Y — po)] = E(XY) — papo
where 1 = E(X),us = E(Y).
The correlation coefficient of X and Y, denoted p, is defined as

p=-cov(X,Y)/o109

where 01 = y/var(X),oo = \Jvar(Y).

Theorem 1 If X and Y are two given r.v.’s and a and b are two
given constant, then

(a) cov(aX,bY)=ab*cov(X,Y)

(b) cov(X+a,Y+b)=cov(X,Y)
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(¢) cov(X, aX+b)=a*var(X)
(d) var(aX+bY)=a?var(X)+b*var(Y)+2ab*cov(X,Y)

Theorem 2 If the correlation coefficient p of two r.v.’s X and Y
exists, then —1 < p <1, and p = +£1 if and only if Y=aX+Db
(a #0). (That is, Y is a linear function of X).

Theorem 2.4.1 Suppose (X,Y) have a joint distribution with the
variance of X and Y finite and positive. Denote the means and
variances of X and Y by pu1, o, and 0%, 03, respectively, and let

p be the correlation coefficient between X and Y. If E(Y|X) is

linear in X then
E(Y|X) = p2 + p (X f11)

and
E(Var(Y]X)) = 03(1 — p)



Theorem 4 Two dimensional moment-generating function(mgf)
of the joint distribution of X and Y is defined as

M (ty,ts) = E(etr*Tt2Y) then

M (t1) = M (t1,0)

(752) = M(0,t2)
&M (0,0)
E(X) = =5
B dM (0,0)
— E(Y) 5t
- E(XQ) 2 0 ]\gt(%oao) o %
9% M (0,0
:E(Y2) 2 (%(% ) %

EI(X = p)(Y — )] = Tgige” — Hap
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Independent Random Variables I

f(x1,22) = fop(w2|x1)f1(21), what happens if
fa)1(x2|x1) does not depend upon 17

fop(@2lz1) = fo(we) and f(z1,22) = fo(z2)f1(21)

e Definition 2.5.1 (Independence) Let X; and X5 have the joint
pdf f(x1,x2)(joint pmf p(x1,x2)) and the marginal pdfs (pmfs)
fi(@1)(p1(21)) and fa(x2)(p2(w2)), respectively.

X7 and X, are independent < f(x1,x2) = fi(x1)f2(x2) for

continuous case

X1 and X5 are independent < p(x1,x2) = p1(x1)p2(x2) for

discrete case

Remark: if fi(x1) and fo(x3) are positive on and only on, the

respective spaces A; and As, then fi(x1)f2(x2) is positive on,

and only on, the product space

A={(x1,22) : 1 € A1, 22 € As}. To check whether two r.v. X;
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and X, are independent, check the joint range first. If

A= A; x As, then go to check if f(x1,z2) = fi(x1) fo(xs). If

not, we stop and conclude that they are not independent.
Check whether the two r.v. X7 and X5 are

independent, where the joint p.d.f of X; and X5 is given by

flry, ) =2if0< 21 <2 < 1.

Solution: we can prove that fi(z1) =2(1 —x1) if0 <z <1

and fo(xg) = 225 if 0 < 22 < 1. So,

the joint range is A = {(x1,22) : 0 < 11 < x5 < 1},

the range of X7 is A1 ={x1: 0 < 21 < 1},

the range of Xo is As = {z2: 0 < z2 < 1}.

Obviously A # A; x As. X7 and X5 are dependent.

Theorem 2.5.1 Let the random variables X; and X5 have support
S1 and Ss, respectively, and have the joint pdf (joint pmf)
f(@1,22) (p(21,22)).

X1,X5 are independent < f(x1,x2) = g(x1)h(z3) for continuous
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case
X1,X5 are independent < p(x1,z2) = g(x1)h(x2) for discrete case
where g(x1) > 0, 1 € S1, and h(xz) > 0, 2 € So.

Theorem 2.5.2 Let the r.v X; and X5 have the joint cdf F'(x1,x2)
and the marginal cdfs Fy(x1) and Fy(x2), respectively.

X1,X5 are independent < F(x1,x2) = Fi(x1)F5(x2) for all
(x1,72) € R?

Theorem 2.5.3 X,X, are independent
& Pla< X1 <bc<Xo<d) =Pla< X; <b)P(c< Xy <d)

for every a < b and ¢ < d, where a,b,c,d are constant.

Theorem 2.5.4 If X; and X5 are independent r.v. and that
Elu(X1)] and E|v(X3)] exist. Then
Blu(X1)o(X2))] = E[u(X1)]E[b(X,)

Note that the converse is not true. That is if

57



cov(X1, X2) =0, then X; and X5 could be dependent.

e Theorem 2.5.5 Suppose the joint mgf, M (t1,ts) exists for the
random variables X; and X5, then
X1,X5 are independent < M (ty,t3) = M (t1,0)M (0, t3)
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Extension to Several Random Variables I

The notion about two random variables can be extended immediately

to n random variables.

e Definition 2.6.1 A n variate random variable X = (X1, ..., X,,) is
a real-valued function which assigns to each element ¢ of sample
space C one and only one ordered n-tuples of numbers
Xi(c) = x1,..., Xp(¢) = x,,. The space of X = (X4, ..., X,,) is
A={(z1,...,z,) : X1(¢c) = 21, ..., Xp(¢) =z, }. Furthermore, if
event A C A,C ={c:ceC and (X1(c),..X,(c)) € A},
P((X1,..X,) e A) = P(C)

e Joint pdf(pmf) and CDF

Discrete case:

59



(1, xy) = P(X1=21,..., X, = xp)

F(zy,.hxy) =P(X1 <x1,... Xy, < xpp) = Z Z p(x1, ..., xn)

u1<r1 Up <Th
Continuous case:
O"F(x1,...,xp)
F@1; s n) = 0x1...0x,
In 1
F(xy,...,xn) = P(X1 < 21,..., Xy < p) :/ / flxy, .oy xp)dxy .. .dx,
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e Expectation

Elu(Xy,...X,)] = Z e Zu(ml, T )P(T1y ey T)

discrete case

/ / u(xy, o p) f(21, ..y Ty )day - -

continuous case

B kjui(Xa, s Xn)] = 3 kg Bluy(Xa, s X))

J=1

e Marginal pdf(pmf) of one random variable

= Z cos Zp(a:l, ...,Tyn) discrete case
T To
oo oo
f(x1) = / = / f(x1,...,xp)dxs - - - dx,, continuous case
— OO — O
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e Marginal pdf(pmf) of k (kK < n) random variable

p(x1, ..., x E E p(x1,...,x,) discrete case
Th41
f(zq,... / / f(x1,...,xp)dxg11 - - - dx,, continuous case

e Joint conditional pdf (pmf) of (X5 ---X,,) given X7 = 2

f(x1, T2, ..., Ty)
f(z1)

p(T1, T2y .y Ty
p(z1)

discrete case

f(zo, .., xn|xy) =

continuous case

p(To, .y xplzy) =
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e Conditional Expectation of u(Xs---X,,) given X; = 2
E[u(XQ |x1 Z Zu X, : y L p(x27 ) 7£Un‘x1)

dlscrete case

/ / 33’2, y L )f(x27 7an|x1)daj2"'d$n

continuous case

e Independence
(1) The r.v.’s X1, ..., X,, are mutually independent if and only if
flx1, ., xn) = f(x1) - fay) or p(x1,...,x0) = (1) - - p(T4)
(2)if X1, ..., X, are mutually independent then
Pla; < X1 <bp,as < X <bg,y...;a, < X,, <by)
= P(a; < X1 <b1)Plas < Xo <by)---Pla, < X,, <by)
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(3)if X1, ..., X, are mutually independent then

n

E[H wi( X)) = | | Blui(X3)]

1=1

e Moment Generating Function (mgf)
(1) M(t1,ta,....tn) = E(ehXitteXaFtnXyn)
(2) The mgf of the marginal distribution of X; is
M;(t;) = M(0, ...,0,t;,0, ..., 0)
(3) The mgf of the marginal distribution of X; and X is
M(t;,t;) = M(0,...,0,t;,0,...,0,4;,0, ..., 0)
(4) Xq,...,X,, are independent if and only if
M (t1,ta, ... tn) =[],y M(0,...,0,¢;,0,...0)
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Transformations: Random Vectors I

e Discrete Case
Let px, ... x, (x1,...,Z,) be the joint pmf of n discrete-type r.v.
X1, Xp. Let y1 = pa(x1, -y xn), -+ Yn = pn(x1, ..., T,) define
a one-to-one transformation. What are the joint pmf of the n new
random variables Y7 = pu1 (X1, ..., Xy), -+ Yy = pn(Xq, ..., X0)?

y1 = p1(xy, ..., xTp) 1 = w1(Y1y -, Yn)
(1) : =

Yn = tn (21, ..., Tp) Ty, = wWn (Y15, Yn)
2)

Pyy, v, Wi, Y2) = DPxy e X, Wiy, s Yn), s wn (W, Yn))
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e Continuous Case
Let fx,.. x,(x1, -+ ,2y,) be the joint pdf of n continuous-type

r.v. Xq, -, Xpe Y1 = p1(X1, s Tn)y 0 s Yo = fn(T1, ..., Tp)
define a one-to-one transformation. What are the joint pdf of the

n new random variables Y1 = uy (X1, ..., Xy), -,
}%,::Mn()Ch-"ajfny?

y1 = p1(xy, ..., Tp) 1 = w1(Y1y - Yn)
(1) : =
Yn = tn(T1, .y Tn) Ty, = Wn (Y1, s Yn)
9z1 Ox1 ,, Oz
oy1 0y2 OYn
Oz2 Oz, Oxo
(2) J = o 8‘7{2 yn Jacobian of the transformation

oxn, O0xn, .. Oxyp
Oy1 0y2 OYn
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(3)fY1,'" ,Yn (y17 e 7yn) —

fX1,"' X n [wl(ylv T ?yn)v T 7wn(y17 T 7yn)]|*]|
Example 2.7.1-2.7.5, Exercise 2.7.1,2.7.4
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3 Some Special Distributions
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The Binomial and Related Distribution I

e Bernoulli Distribution
A Bernoulli experiment is a random experiment, the outcome
of which can be classified in but one of two mutually exclusive
and exhaustive ways. For example,
rain or not rain tomorrow? (X = 0 — no rain, X = 1 — rain)
Head turning up or tail turning up after flipping a coin once?
(X =0 — tail, X =1 — head)
Bernoulli Distribution: The r.v. X has a Bernoulli
distribution with parameter p, 0 < p < 1, if its pmf is given by
P(X=1)=p, P(X=0)=1-p. This pmf can be written more
succinctly as px(z) = p*(1 —p)1=%,2 = 0,1
Mean: E(X)=p
Variance: Var(X)=p(1-p)
mgf: M(t) = pe' +q,Vt
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e Binomial Distribution
Repeat the Bernoulli experiments in previous Example many
times. Say, n times. Each time there is probability=p to observe
1 (rain or head turning up). If X is the number of 1 observed,
then

n
p(.%’):P(X:.%'): px(l_p)n_xax:07172a'°'7n
X

Binomial Distribution: The r.v. X has a Binomial
distribution b(n,p) with parameters n,p, where n is the number
of trials, p is the probability of observing 1 in each independent
trial, 0 < p <1, if the pmf of X is given by

n
pX(CE): pm(l_p)n_$7$2071727'” ) T0.
xr

Mean: E(X)=np
Variance: Var(X)=np(1-p)
mgf: M(t) = (pe* + ¢)", Vi
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Q1: Is b(n,p) a pmf?

Q2: How to use mgf to compute E(X) and Var(X)?

Q3: If n=1, Binomial distribution is also another special
distribution. What is this distribution?

Theorem 3.1.1 Let X4, Xo, ..., X,, be independent random
variables such that X; has binomial b(n;, p) distribution, for
i=1,2,---,m. Let Y =5 " X,. Then Y has a binomial
b(> . ni,p) distribution.

Multinomial Distribution

The binomial distribution can be generalized to the multinomila
distribution. Let a random experiment be repeated n
independent times. On each repetition, the experiment results in
but one of k mutually exclusive and exhaustive ways, say

Cy, Cy, -+, Cr. Let p; be the probability that the outcome is an

element of C; and let p; remain constant throughout the n
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independent repetitions, 1 = 1,2,--- , k. If X, are the number of
outcomes that are elements of C;,2 =1,2,--- .k — 1, then

p(z1, 22, - ,x5—1) = P(X1 =21, X0 =29, -+ , X1 = Tp—1)

_ n! 1 Tk—1, n—(T1+ - +Tl-1)
o xl!---a:k_l!(n—(xl—l—---—{—:ck_l))!pl Pg_1 Pg

Negative Binomial Distribution

Repeat the Bernoulli experiments in the first example until
observing 1 (rain or head turning up) for r times. Each time
there is probability=p to observe 1. If Y is the number of 0

observed (no rain or tail turning up), then

y+r—1 .
r —
Negative Binomial Distribution: The r.v. Y has a Negative
Binomial distribution with parameters r,p, where r is the number
of trials observing 1, p is the probability of observing 1 in each
independent trial, 0 < p <1, if the pmf of Y is given by
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r —
Mean: F(X) = —T(lp_p)
Variance: T(‘;p )

mgf: M(t) =p"[1 — (1 —p)e']™" for t < —In(1 — p)

Geometric Distribution

Repeat the Bernoulli experiments in the first example until
observing 1 (rain or head turning up) for the first times. Each
time there is probability=p to observe 1. If Y is the number of 0
observed (no rain or tail turning up), then

py(y)=PY =y)=p(1-p)¥,y=0,1,2,---.

Geometric Distribution: The r.v. Y has a Geometric
distribution with p, where p is the probability of observing 1 in
each independent trial, 0 < p <1, if the pmf of Y is given by

py(y) =PY =y)=p(1—-p)¥,y=0,1,2,---.
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Mean: E(X)= 12
p
A-p
2
mgf: M(t) = p[l — (1 —p)et]~! for t < —In(1 — p)
Geometric distribution is a special case of Negative Binomial

Distribution when r=1.

Hypergeometric Distribution
An urn containing N objects in which M objects are defective
(M < N). A sample of n objects are chosen at random without
replacement, and let X be the number of defective objects in the
n objects chogen out; Jl'hen

%ﬁENM

P(X =z) = x=LL+1,---,U
% §

L:ma;v{O,n—NJrM},U:min{M,n}

Hypergeometric Distribution: The r.v. X has a
74
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Hypergeometric distribution with parameters M,n,N, where
M,n < N it theg gmt of X is_given by
M § N —M §
(% x g n—x
= a! 1 r=LL+1,---,U
B &
n
L=max{0,n-N+M}, U=min{Mn}

Mean:E(X) = Y4n

N
Variance:Var(X) = ”%(1_]\[%_)1(1\7—”)

px ()

e Asymptotic distribution of Hypergeometric Distribution
If M, N — oo, and limp; y— o % =p,0 < p <1, Then
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x n—ax n
lim — p*(1—p)"~*
M,N — N v
limM,N_mo % =P n

e Poisson Distribution
Some events are rather rare, they don’t happen that often. For
instance, car accidents are the exception rather than the rule.
Still, over a period of time, we can say something about the
nature of rare events.
egl. If wearing seat belts reduce the number of death in car
accidents. Here, the Poisson distribution can be a useful tool to
answer question about benefits of seat belt use.
eg2. Death of infants
eg3. The number of misprints in a book
The Poisson distribution is a mathematical rule that assigns
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probabilities to the number occurrences in a fixed interval(X).
The only thing we have to know to specify the Poisson
distribution is the mean number of occurrences for which the

symbol A is often used.
P(X =z) =<

x!
Poisson Distribution The r.v. X has a Possion distribution

with parameters A, if the pmf of X is given by
p(x) = e_;f‘x,x =0,1,2,--- ,00

Mean: E(X)=M\

Variance: Var(X)=\

mgf: M(t) = eMe —Dyy

The Poisson distribution resembles the binomial distribution in

that it models counts of events. For example, a Poisson
distribution could be used to model the number of accidents at
an intersection in a week. However, if we want to use the
binomial distribution we have to know both the number of people
who make enter the intersection, and the number of people who
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have an accident at the intersection, whereas the number of
accidents is sufficient for applying the Poisson distribution. Thus,
the Poisson distribution is cheaper to use because the number of
accidents is usually recorded by the police department, whereas
the total number of drivers is not. This is supported by the
following theorem.

e Asymptotic distribution of Binomial distribution is Poisson
distribution
If r.v. X has a binomial distribution with parameter n and p,
n— oo, p— 0, lim,, .~ np = A, then

— AT
lim p(x) = ¢ A

n— 00 !

e (Conditions under which a Poisson distribution holds
— counts of rare events
— all events are independent

— average rate does not change over the period of interest
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e Theorem 3.2.1 Let X, Xo, ..., X,, be independent random
variables such that X, has Poisson distribution with parameter
m;, for i =1,2,--+ ,n. Then Y = > " | X, has a Poisson
distribution with parameter > ", m,.
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Special Continuous Distribution I

e Gamma Distribution: I'(a, 3)
Motwation:
gamma function of a: I'(a) = f0+oo y*~le Vdy a >0
properties:
(MT(1) = [ e vdy = 1
(2T () = [ "y te vdy =
—ye e[ + (a— 1) [ Ty 2eVdy = (o — DT (a — 1)
(3)If « is positive integer, then I'(a) = (o — 1)!

Now if we introduce a new variable y = /3, where 3 > 0, then

_ ee L\ a—1 —%l
I'(«) —/ (ﬁ> e 6615[7,

+o0 a—l .
— / “Bdxr =1




Gamma Distribution: A continuous r.v. X has a Gamma
distribution with parameters a > 0,3 > 0, if and only if

xa—l _

fla) = { TP
0 otherwise

I8

it x>0

Here « is called shape parameter, 5 is called scale parameter
Mean: E(X)=a/f
Variance: Var(X)=q/["

mgf: M(t)=(1 — §t)" for t < %

The gamma distribution is frequently used to model waiting
times; for instance, in life testing, the waiting time until ”death”
is the random variable which is frequently modeled with a

gamma, distribution.
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Let

w- time interval

W - ar.v. , time needed to obtain exactly k deaths (e.g. k=1)
k - a fixed positive integer

X - ar.v., the count of deaths within the time interval w,
following poisson distribution with average count Aw at time
interval w,

The cdf for Wis P(W <w) =1—P(W > w).

Since the event {W > w} means obtaining at most k-1 deaths

within time interval w, we have

k—1

()\,w)aze—kw B o) Zk:—le—z
P(W > w) ZP Z o = y (k—l)!dz

=0

The last equation is obtained through integrating by part k-1
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times. Therefore,

o0 )vw
L= fow S dz = 3" Srg—dz if w>0
G(w) =P(W <w) =1 Aw (k 1)' z () z if w

0 otherw1se

Then, pdf is

)\kwk—l —Aw

e ifw >0

g(w) = ,
0 otherwise

As a result, W is having a gamma, distribution with o = &, 3 = %
If W is the waiting time until the first death, that is, if k=1, then
pdf of W is

Ae M ifw >0
g(w) ={ .
0O otherwise

W is said to have an exponential distribution.
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e Exponential distribution: exp(\)
A continuous r.v. X has a exponential distribution with

parameter A > 0, if and only if

Ae M if w > 0
flz) =1 ,
0 otherwise
Mean: F(X) =1
Variance: Var(X) = (1)?
mgf: M(t) = 1+ fort < \

t
1-x

Remark:

1. exponential distribution is a special case of gamma
distribution for a = 1,3 = %

2. exponential distribution is often used in survival analysis.

Denote survival function as S(x) and X as the survival time,
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e if x>0
S(a:)=P(X>51:):1—P(X§x):{ -
1 otherwise

3. Memoryless properties of exponential distribution
X has a exp(\) distribution < P(X > a+t|X > a) = P(X > t)
for any a > 0,¢ > 0

e Chi-square distribution: y?(r)
A continuous r.v. X has a y? distribution with parameter r > 0,

where r is a positive integer, if and only if

1 r/2—1_—x/2
fa) = { TG e a0

0O otherwise

Mean: E(X)=r
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Variance: Var(X)=2r
mgf: M(t) = (1 —2t)""/2 fort < 0.5
Remark:

x?(r) distribution is a special case of gamma distribution
L(r/2,2)

— Theorem 3.3.1 Let X have a x*(r) distribution. If k > —r/2
then F(XP%) exists and it is given by

2FT(5 + k)

I'(3)

E(XF) = if k> —r/2

e Theorem 3.3.2. Let X4,..., X, be independent random variables.
Suppose, for i=1,...,n, that X; has a I'(ay, 3) distribution. Let
Y =5",X;, Then Y has I'(}_." , v, ) distribution.

— Corollary 3.3.1 Let X4, ..., X,, be independent random

variables. Suppose, for i=1,...,n, that X; has a x?(r;)
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distribution. Let Y = Y7 X;. Then Y has x2(>_I_, i)

distribution.

e Beta distribution :6(«, 3)
Motiwvation: Let X7 and X5 be two independent random variables
that have I' distribution (I'(«, 1),I'(3,1)) and the joint pdf

1 -1
h(xy,xs) = ¢l e
L(a)(B)" 1 2
for 0 < 1 < 00,0 < 29 < 00, and zero elsewhere, where

a>0,0>0.
Let Yl == X1 —|—X2,Y2 — Xl/(Xl —|—X2), the joint pdf of Yl,YQ 1S
then

=l _y)P~t a4pB—1 _
Y2 ]f‘((oz)l"y(%)) Y1 F=le=v1 for 0 < yp < 00,0 < ys < 1

g(yla y2) — { .
0 otherwise

where, o > 0,3 > 0.
Obviously, Y7 and Y5 are independent. We can also prove that
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The marginal pdf of Y5 is

I'(a+03)
— { ['(c)T(B)

Yy (1 —ye)P 7l i 0<ys <1
g2(y2) .
0 otherwise

this pdf is called beta distribution 3(a, )

The marginal pdf of Y7 is

1 at+pB—1 _—
= { T(atp) Y1 e

0O otherwise

if 0<y; <0
91(y1)

this pdf is I'(a + 3, 1)
Beta Distribution: A continuous random variable X has a (3
distribution with parameters o > 0,3 > 0, if and only if

fla) = { T@r@e* (o) 0 < <1

0O otherwise

where, a > 0,3 > 0.
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Mean: E(X) = ;33

Variance: Var(X) = (a—}—B—i—Ol{)B(OH-ﬁ)Q

Remark: uniform distribution unif(0,1) is a special case of beta
distribution, 8(1,1)

Dirichlet Distribution Let X, Xo, ..., X411 be independent
random variables, each having a gamma distribution with G = 1.
Let

__ X

X + Xot o+ Xy
Yig1 =Xq + Xo+ -+ X

i=1,2,...k,

)

Then the joint pdf of Y7, ..., Yy, Y11 is given by
y](:j__i_...+ak+l_1y?l_1 .. ygk—l(l L yl . yk)ak+1—1€—yk+1
I'(a1) - Ilow)l(okt1)

if (y17 "'7yk7yk—|—1) < {O < yuz — 17 "'7kay1 Tt Y < ]-70 <
Yr+1 < 00} and is equal to zero elsewhere.
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Random variables Y7, .., Y, then have a joint pdf which is called
Dirichlet pdf and is given by

I'log 4+ apt1) o, -1 L—1 _1
& v o 1 — I AL41
F(Oél) . 'P(Oék_|_1) y]_ yk ( ?Jl yk)

when 0 < y;,e=1,....k,y1 +---+yr <1, and is equal to zero

9y, Yi) =

elsewhere. Moreover, Y311 has a gamma distribution
F(Z,’;ill a;,1) and Yy is independent of Y7, .., Y.

F-distribution: F'(rq,r2)
Motivation: Let U and V' be two independent random variables

that have x?(r1) and x?(r) distribution respectively. Let

W = ‘%g ,Z =V, the joint pdf of W, Z is then

—2 -2
rl_gr2 (Tl,rzw)r12 ZTQQ exp[-%(r;;)‘l‘l)]%

1
L(5)0(7%)2
g(w,z) ={ for 0 <w < 00,0 <2< 00

0 otherwise
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The marginal pdf of W is then

P2 () /2
™1 9 o - 5
gl(w) — { P(5)T(5 (14+r1w/re)(r1t 2)/

0 otherwise

for 0 < w < o

This pdf is called F distribution F'(ry,72).
Example 3.6.2.

Normal Distribution :N(u, 0?)
Motivation: consider the integral: I = fj;o e~/ 2dy. We have

00 5 00 5
]2:/ e Y /Qdy/ e 2dy = 2r

— 00 — o0

/+OO gy~ am e [ ey
. e = i € = 1.
oo Y oo V2T Y

fly) = \/%e_gﬁ/z for —oo < y < o0 is called a pdf of a standard
normal distribution N(0,1)for a random variable Y. Now consider

a new random variable X = yo + u, 0 > 0, then
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1 _(a)_,u“)2

flx) = e 202 for —oo < y < o0 is called a pdf of a

2o

normal distribution N (u,c?) for random variable X.
Normal Distribution A continuous r.v. X has a normal
distribution N (p, 0?) with parameter u and o > 0, if its pdf is

flz) =

Mean: F(X) = u
Variance: Var(X)=o0
mgf: M(t) = et e
Example 3.4.1

Remark:

1 _(:I:—u)2
e 202 for —oco<x <0

2mo

2

(1) when p =0 and o = 1, it is standard normal distribution
(2) X ~ N(p,0%) & (X —p)/o ~ N(0,1)
This property simplifies the calculation of probability concerning

normally distributed variables
Example 3.4.3, 3.4.4, 3.4.5
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(3)u is called a location parameter since change its value simply
changes the location of the middle of the normal pdf; o is called
a scale parameter because changing its value changes the spread
of the distribution.

Theorem 3.4.1 If r.v. X is N(u,0?),0% > 0, then the r.v.
V= (X —p)?/o? is x*(1).

Theorem 3.4.2 Let X4, ..., X,, be independent random variables
such that, for i=1,...,n, X; has a N(u;,0?) distribution. Let

Y =57 | a;X;, where aq, ..., a, are constants. Then the
distribution of Y is N(>_7"_ | a;us, Y n aZo?).

Corollary 3.4.1. Let X1, ..., X, be iid random variables with a
common N (p,0?) distribution. Let X =n~*>""  X;. Then X
has a N (u,0?/n) distribution.

Contaminated Normals Suppose we are observing a random
variable which most of the time follow a standard normal

distribution but occasionally follows a normal distribution with a
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larger variance. In application, we might say that most of the
data are "good” but that there are occasional outliers. This can
be described as follows:
Z — "good data” ~ N(0,1)
Ii_. — indicator r.v. with bernoulli distribution
Pll_e=1)=1—¢ P_.=0)=¢
Assume 7Z and I;_. are independent, and let
W=7l _+0:.Z(1 —11_.). The distribution of W is of interest
and we can prove that it is a mixture of normals.

flw) = ow)(1 =€) + d(w/oe)
where ¢ is the pdf of a standard normal.
EW)=0,Var(W)=1+¢(c? - 1)
This can be easily extended to the general situation where
X=a+bW.

t-Distribution: t(r)

Motivation: If X1 ~ N(0,1), X5 ~ x?(r), and X; and X5 are
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independent. What is the distribution of r.v. T = —=21—7
V(Xz2/7)

Using change-of-variable technique, we can prove that

F( r41 ) 1

T 2 r+1)/2
\/?]_—’§ 1—|—t/?“)(+)/

g(t) =

for —o0 < t < 0.

the pdf g(t) of T is called t distribution with degree of freedom r.
Example 3.6.1.

Theorem 3.6.1 Student’s Theorem
Let X4,..., X,, be iid random variables each having a normal
distribution with mean p and variance 0. Define the random

variable, X = £ 3% X, §% = _L-5"" (X, — X)?
()X ~ N(p, )

(b) (X) and S? are independent

(c) (n— )52/02 ~ x*(n—1)

(@) T = X4 (1)

95



e Mixture Distribution
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