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Comparison between the Locally Most
Mean Power Unbiased and
Rao’s Tests in the Multiparameter Case
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This paper makes an asymptotic comparison, up to the third order, between the
locally most mean power unbiased (LMMPU) and Rao’s tests in the multi-
parameter case. The two tests are seen to have identical power up to second order.
It is also seen that Rao's test, which is much simpler than the LMMPU test, is
almost as good as the latter, in terms of third-order local average power, for small
but reasonable test size, provided the statistical curvature of the model is not too
large. ¢ 1993 Academic Press, Inc.

1. INTRODUCTION

The problem of higher order asymptotic comparison of tests has received
considerable attention over the last two decades; see Chandra and
Joshi [4], Amari [1], Mukerjee [10] for references and Ghosh [6] for an
excellent review. Recently, Mukerjee [11, 12] established, in a multi-
parameter setup, the optimality of Rao’s test, in terms of maximization of
third-order average power under contiguous alternatives, within a very
large class of tests that includes in particular the likelihood ratio and
Wald’s tests. This result was established by considering locally unbiased
(up to o(n~")) versions of the tests. It may, therefore, be of interest to
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study the performance of Rao’s test vis-a-vis the locally most mean power
unbiased (LMMPU) test proposed by Sengupta and Vermeire [15] as a
natural generalization of the locally most powerful unbiased (LMPU) test
to a multiparameter setting. This has been attempted in the present work.

Earlier, in the one-parameter case, Mukerjee and Chandra [13]
compared the LMPU and Rao’s tests considering “square-root” versions
of both the tests. Although the LMMPU test arises as a natural
generalization of the LMPU test, the former, unlike the latter, does not
admit a “square root” version in the general multiparameter case and, as
such, the techniques in Mukerjee and Chandra [13] are not applicable in
the present context. Essentially for similar reasons, the LMMPU test does
not belong to the class considered in Mukerjee [12]. Therefore, for the
comparison attempted here, new techniques, combining in a sense those in
Mukerjee [11, 12] and Peers [14] (see also Hayakawa [8]) have to be
used. Although our techniques differ from those in Mukerjee and Chandra
[13], our final results, indeed, extend theirs to a multiparameter setup. It
may be remarked that our approach also differs from the differential
geometric one due to Amari [1] and Kumon and Amari [9] since we
assume neither curved exponentiality of the model nor sphericity of the
power function.

2. NOTATION AND PRELIMINARIES

With reference to a sequence {X,}, j=1, of i11.d. possibly vector-valued
random variables with a common density f(x, ), where 8 = (0,, ..., 0,) e#?,
or an open subset thereof, we consider the problem of testing H,: 0=10,
against 0 # 6,. We shall be considering contiguous alternatives of the form
B(n)=0,+n"'"?5, where n is the sample size and 6= (4, .., 0,) is free
from n. All formal expansions will be over a set ./, (see Chandra and
Ghosh [3]) with Py, (=) =1+ 0(n""), uniformly over compact subsets
of 8. The per-observation information matrix at 6,, say .#, will be supposed
to be positive definite. Then without loss of generality (if necessary, by a
reparametrization—see Mukerjee [11]) it may be assumed that .# =/, the
p x p identity matrix. The notational system of this paper, similar to that in
Mukerjee [11, 12], is presented below for ease in reference.

For 1 <i, u<p, let

H“_: n- 112 Z é lng(Xj, 90)/601"

J=1

Vi=n—'2Y 3logf(X,. 6(n))d6,.

j=1
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Hy=n"'"? z (8% log f(X,, 0,)/26, 20, — 'Y,

J=1

Vou=n" 12 Z {82 Ing(X_p 8(n))/06,00,—1,1,
i=1
where 19 = E, {3 1og f(X,, 00)/20,20,}, 1, = Equ 3> log f(X;, 6(n))/
86,760,}. As the per-observation information matrix at 6, is assumed to
equal /, by standard regularity conditions /®'= —1 if i=u and =0if i #u
Let H, be a px 1 vector with jth element H, (1 <i<p).
For 1<i,u, r,s,v<p, let

7 =Eq [ {2 1log f(X,, 0,)/00,}{0* log f(X;, 0,)/00, 06, } ],
2 = E, {0° log f(X,, 8,)/06, 06, 60, },

) iur

Vo = E, [{¢logf(X;, 0,)/6;}

x {0 10g f(X,, 6,)/00,} {2 log (X, 8,)/00,} ],
;:;}:‘—E% {6210gf(X,,80 /26, 80, {8% log f (X, 6,)/06, 86,} 1,
7o =Eq [{0%log f(X;, 00)/007 + 1}

x {8 log f(X,, 0,)/0,} {8 log £(X,, 6,)/26,} ],

() _ (3, (1) [ (R)] (1)
glurx vlurvz 58 Wiu_(ylju" anm),

=(Wiys e W), =73 —1
It is assumed that all the expectations defined above exist. The well-known
regularity condition i)+t + 90+ 90+ =0 (1<i,u,r<p) will

also be assumed to hold.
Observe that the dispersion matrix of ¢ log f(X;, 8,)/80,, 8> log f(X, 8,)/

002, 1<i<p, at By, is
I R
ZO—(RI Z)!

where the pxp matrix 2 is given by X2 =((s,)). Hence the matrix
2* =2 — R'R is non-negative definite and 1'2*1 >0, where 1 is a px1
vector with all elements unity. For p=1, 1'2*1 reduces to the square of
Efron’s curvature at 8, [S] and in this sense 1'’2*1 provides a generaliza-
tion of Efron’s curvature to a multiparameter setup. This generalization is,
however, different from the one considered in Mukerjee [12].

For 4A=0 and positive integral v, let &k, (-), K. ,(-) and #n(v, 4, )
represent respectively the pdf, the cdf, and the characteristic function of a
possibly non-central chi-square variate with v degrees of freedom (d.f.) and
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non-centrality parameter i; K, (-)=1-K, (-), Ak (-)zl‘\”,( )—
kos() AK () = Ky () = K () AR () = Roya s ()= Ros(o,
an(v, 4, Y=n(v+2, 4, -)—n(v, 4, -). Let z? denote the upper a- pomt of a
central chi-square variate with pdf.

The average of any function x(d) of d=(4,, .., d,) along the sphere
6’6 =4 (=0) will be defined as

7(Ay=x(0) if A=0, (2.1a)

=<f.-.Jx(é)dé)/(j-.-j dé) if 4>0, (2.1b)
dd =4 '3 =4

provided the integral in the numerator of (2.1b) exists (cf. [11]). It may be
clarified that while Mukerjee [11, 12] defines average power in the sense of
(2.1) the definition in Sengupta and Vermeire [15] who average over
regions of the form 6’6 <4, is slightly different. However, one can easily
prove a suitably modified version of Lemma 1 in Sengupta and Vermeire
[15] to show that the exact optimality of their LMMPU test remains valid
even when average power is defined in the sense of (2.1) above. Because of
this reason and also because this work is primarily in continuation of
Mukerjee [ 11, 127, we continue to define average power along the line of
(2.1) in deriving our results. However, even if average power is defined as
in Sengupta and Vermeire [15], then essentially repeating the present
derivation it should not be hard to obtain similar results—such details are
omitted here to save space.

3. RESULTS

As in Mukerjee [11, 12], we consider a locally unbiased version of Rao’s
test given by the critical region,
Zi,”= (H, +n71°2h1 +n7lb2)’ (H +n I“‘Zbl +n lhz)
>z224n '2h o +n by, (3.1)
where the scalars by, b, and the elements of the px 1 vectors b,, b, are
constants, free from n, to be so determined that the test has size x + o(n ")

and is locally unbiased up to o(n ~'). Next observe that the LMMPU test
[15] is given by a critical region of the form

4 P
Z (H1i+ﬁm)2+n 12 Z Hyi>q,, (3.2)

i=1 i=1

where g,,, B1,,. ..., B,. are chosen subject to the conditions of size and local
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unbiasedness. Following Mukerjee and Chandra [13] (see also Ghosh,
Sinha, and Joshi [7]), we take
g,=:>+n "Za,+n 'ax+o(n '),

. ] O ) (3.3)
Bw=n "Ta,+n lay+o(n'), 1<igp,

where a,;, a,, (0 < i< p) are constants, free from n, to be so chosen that the
test has size x4 o(n ~') and is locally unbiased up to o(n'); as seen later,
these constants exist uniquely from these specifications. By (3.3), the
critical region (3.2) can be expressed as

P
Z:[z; Z (H,+n" l“‘2“1:‘4‘"7 la2’)2+nrn2 Z H,,;

= i=1

>z24n a4+ n layx+olnt) (3.4)

We assume that the joint distribution of (H,, ... ,,,, Hyyy o Hapy)'
under 6(»n), admits a valid multivariate Edgeworth expanswn up to o(n ')
in the L,-sense [2]. Then, following the last part of Section 4, one may
justify the calculations for the proof of our main result:

THEOREM 1. Let by, byp, by, b5 In (3.1) and a,;, a,; (0<i<p) in (3.4)
be chosen subject to the conditions of size and local unbiasedness up to
o(n~'). Then the (local) power functions of Rao’s and LMMPU tests, under
contiguous alternatives 0(n) = 0,+n~ '3, are respectively given by

PU(E)=Py(8)+n 2P (8)+n 'PL(8) +o(n"),

PP(S)=Po(0)+n 2P (8)+n 'PP(B)+o(n "),
where Py(8), P,(3), P (), PP (8) are free from n,

Py(8)=K, (),

P(é)_zZZ/ES)ééé\(s p;(—) % 2 p/(*z))

Lhus=1

+3 Zivwétl—-p+n

hu=1

X Akp.).(zz) + AZK—';'.),(ZZ):'

P
+3Y VY (i + i) 8,8,8, 4K, (),

fous=1
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and P\ (8), P$'(8) are such that for >0,
PO(3)— PY(A) = iy, (22) + O(A2),
with A=0'8, and W ,(22)=3p 'k, o(Z2)(1'Z*1).

It may be observed from Theorem 1 that up to second order Rao’s and
LMMPU tests have (point-by-point) identical powers. This seems to be
non-trivial in a multiparameter setting and may be contrasted with the
findings in Mukerjee [11]. Also, ¥ ,(z?) as in Theorem I, although non-
negative, is always small, provided z? is large; that is, the test size is small,
especially when the “generalized statistical curvature” 1'2*1 is not too
large. Thus Rao’s test, which is much simpler than the LMMPU test, is
beaten by the latter only in terms of third-order (local) average power
and that, too, usually by a narrow margin for small but reasonable test size
(see the example below). For p=1, it can be seen that Theorem 1 is in
agreement with the results in Mukerjee and Chandra [13].

ExaMpPLE. As in Mukerjee [11], consider the sequence X,=
(X;, . X)), j= 1, of iid. random variables with a common p-variate pdf
over #” given by

P
fl, ) =11 [6;'(2n) exp{—36, *(x;—0,)}],

i=1
where 6 =(0,, .., 60,) >0. Suppose the interest lies in testing H,:6=6,
against 0 #0,, where 8, is a px | vector with each element equal to \/3
Then the per observation information matrix at 0, equals 7 and it can be
seen that Z* =27, so that 1'2*1=2p/27 and y,(z%) =3k, ,(z*). The
table below shows that w,,(zz) 1s, indeed, small for « =0.05 and a=0.01,
so that Rao’s test is almost as good as the LMMPU test in terms of
third-order average local power.

P I 2 3 4 5 6

¥, (2%) 0.00055 0.00046 0.00041 0.00038 0.00036 0.00034
(2 =0.05)

W, () 0.00010  0.00009 0.00009 0.00008 0.00008 0.00008
(2 =0.01)

4. PROOF OF THEOREM 1

Let 7, be a px1 vector with ith element H, +n '"?a,;+n 'ay
(1<i<p). Then by (34), ZP=T,T,+n "*37  H,, and under
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contiguous alternatives 6(rn)=0,+n 23, the power function of the
LMMPU test is given by

PP(8)= Py, (ZP >z +n""Pag+n lay)+o(n") (4.1)

With £=(—1)"2¢, the approximate characteristic function of Z'?, under
#(n), is given by

Eg(,,,{exp(EZi,z’)}

P
=E()(!1){exp(57:;Tn)}+n7”25 Z Eo(n){Hzx.seXP(fTr:Tn)}

s=1

4

+ %n B 162 z Z Eﬂ(nl{HZJJHZuu exp(éTn’Tn)} +0(n_]). (42)

scu=1

Now, H,,=86,+V,+0(1), Hy;=dw;+ V,,;+0o(1) (1<i<p), so that
for s # 1, under 8(n), up to the first order of approximation the distribution
of (H|, H,,, H,,,) is {p+ 2)-variate normal with mean vector u, =
(&', 'w,,, 'w,,)" and dispersion matrix

I w, wy,,
— g

z,su - Wi O s (P
W

Wyu Ous Ouy

Hence for s #u,

Eﬂ(n) { HZ:JH.?uu exp(éTann )} = Eﬂ(n) {H2s.\‘H2uu exp(éH], Hl )} + 0( 1 )
=E{Y,Y,exp(lY'Y)} +o(l), (4.3)
where Y=(Y,,.., Y,) and the distribution of (Y’, Y, Y,,) is (p+2)-
variate normal with mean vector u,, and dispersion matrix Y ,, as stated

above. Evaluating the expectation in the right-hand side of (4.3) by
conditioning on Y, it can be seen after some simplification that for s # u,

Eﬂ(nl {HZ_\':HZMM exp(iTann)} = '7(Pa ;La é) o.su + '7(P + 4’ i’ é)(“";sé)(w’;ué)
+dn(p, 4, E)(wi,w,,) +o(l), (4.4)

where A= 4. Similarly, an expression, up to o(1), for the left-hand side of
{4.4) can be obtained for s = u. Hence

Z Z Ef)(ll) {H2.\:\'H2uu exp(éTanu)} = B(P9 }" é) + 0(1 )1 (45)

siu=1

683:45:1-2
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where
r

P 2
B(p, 4, &) =nlp, 4¢) (Z > o) +n(p+4,48) < Y oWl 5)
1

sau=1

+ An(p, 4, é)( i wu) < i w,‘.'\). (4.6)

¥ =

Considering a multivariate Edgeworth expansion, up to o{n ~'2), for the
distribution of (H,,, .., H,,, H,,,)’, under 6(n) (cf. Peers [14]), one obtains
in a similar fashion, but with much more algebra,

Epy V Hay expET, T, ) =n(p+2, 4, &)W, 8)+n Y2 (po A E)+oln V),

4.7
where (4.7)

14 14
Cop, A E)=4n(p+4, 4,5V Y Y 70000, +54n(p, 4, &) ), 750

wor=1 u=1
F1 Y g0 34 1, 6)
i=1

+682An(p+4, 4, E)+ 8 (p+8,4,8)}

p
+e XY (ghh+3gh) (8]0 n(p+8,4 )

iFu=1
+33,0,4n(p+4, 4 &)}
r
+3 00 g i0idin(p+8,4,8)
i#Fu=1

+ 07+ An(p+4, 4,8+ A%(p, 4, &)}

P
1YY (gl +gu){870,0,0(p+8, 4, &)

itustr=1

+8,6,An(p+4, 4 &)}

r
+EYYYY £50.8.6,8,0.n(p+8,48)

I£u#r#v=1

+(wi,a,) dn(p, 4, &) + (wi,8)(a38) dn(p + 2, 4, §)

Zzzbu r (Mn )Ar’(p’j"é)

wr=1

+ (W, 0w, &) n(p+4, 4, )+ (2L, —pu) n(p, 4, &)}

.-,ZZZé S.y2 W) n(p+2,4¢), 1<s<p, (48)

wr,v=1
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with a,=(a;, .., a;,) (i=1,2) and p, =1 if u=r and =0 if u+#r, using
in particular the fact that the g!*) are invariant under permutation of the
subscripts i, u, r.

By (4.2), (4.5), and (4.7),

Eﬂ(nl {cxp(iz‘nm)}

P

= E(Nn) {exp(ét;Tn)} + %n7 1“2An(p’ ;'s é) Z (M",,\'.vé)

s=1

+n '{:zc\.(p,i,:) LEB(p i E)oln ). (49)

y=1

For 4 >0 and positive integral v, n '&n(v, 4, &)= {exp(n '€)—1} n(v, 1, &) +
on™ "), fn 18y, 4, &)= {exp(, EHY— 1) n(v, 4, E)+o(n ). Note that

1x

exp(n” &) n(v, 4, &) and exp(sn ') n(v, 4, &) are characteristic functions
respectively of U, ;+n"' and U, ,+n '?t, where U, follows the
{(possibly non-central) chi-square distribution with v d.f. and non-centrality
parameter 4, t follows the standard univariate normal distribution, and
U, , and t are independent. Since, with U, ; and 7 so defined,

PIU,;+n '>24n "Pag+n lay) —PU,>22+n a+n 'ay)
=n"'%k () +on '), {(4.10a)

PU,,+n "2t>224n0n " "ay+ntay)— P(U, >z 4+n" a0 +n"'asy)
— —ln W (D) +oln ), (4.10b)

where k| (=)= {dk, ;(w)/dw},, _ .2, it follows from (4.1), (4.6), (4.8), and
(4.9) that

P(z)(é)zpl?(n)(Trlr Tn>22+n71““2 a10+n71020)+ %n71,,2 Z (w'.'\'sé)AKI’J,(zz)

s=1

+n! i CX(3)—3n 'B*(d)+o(n "), (4.11)

where 4 =60,
P
C:k(d):% p+4/ ZZ}SI)’(S“(S,-}-%AI(F.Z(ZZ) Z y(sju)u
ur=1 u=1

+ Z g:,‘,f 3A2kr’,z‘.(:2) + 65;‘2Akp+4./1(22) + 5?kp+8.).(22)}

i=1
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P
+1 Y (g8 438 0){036,k,, 5.:(22)+38,8, 4k, 4, (21}

i#u=1
P
+% ZZ gflsu)uié 514 p+X/(:2)
i#u=1
+ (074 02) Ak, , 4:(2°) + A%k, 5 (%)}

P
+3 X XY (gl +el)

IAu#FEr=1

{6 5 6 k ( )+OuorAkp+4/(" )}

uYrp+ 8,2

+3 ZZZZ £5.6,6,8,8,k, 4 (%)

I#usr#v=1

+(wia,) dk, (22 + (wi,0)(a}0) 4k, .5, (z
- % ayp(wy,90) Akp./:(f-'z)

[¥]

)

I4
+ % Z Z 6u6r{(w,ls.\-wur) Ak,,V,«_(zz)

wr=1

+("\\0)("uro)k + 4.4 )+(I(\?Lr pur)kp_),(zz)}

+éZZZé,, O (W, )k, 2520, 1<s<p,  (412)

urv=1

B*(d)= (ZZ a.u>+kp+4,( )(i w;_‘.5>2

su=1 s=1

+ {k;v+2.;.(32)—k;.;.(22)} ( i W_m) ( i W“>. (4.13)

s=1 s=1

Now observe that a critical region of the form 7T,T,>z>+n "2a,,+
n‘ay, where T,=H,+n "2a,+n 'a,, gives a test belonging to
the class considered in Mukerjee [12] and, therefore, as in Section 2 of
Mukerjee [12] (rectifying a minor error in Equation (2.11f) of that paper),

P To T, >z +n " "2ag+n 'ay)
p,).(:-'z) +n- 1,/2[9(5’ 22) _al()kp,l(z2)
—(a)6) 4K, ;(2%)]
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where

Z Z Z y:”oléuéx{é Aaﬁp.,{(‘zz) + % Azkp.).(zz))

cuos=1

222/513")5 ,A(ZZ)'*'AEP,;.(ZZ))
hu=1

HITYY G0+ )8:0,0,4K, (%), (4.15)
Lus=1

h1(5)= - {azokp_;.(zz)*' %afgk;,‘;_(zz)},
hy(8) =a,, {886, z2)/6z%}, (4.16)
hy(8)= —a4(a|d) Akp.}.(zz)a

W)= [ [Wi=D.) [1dr,=6)dy  (1<j<4) (417)

s i=1

S={y=(y1, .. ¥,) 1 yy>2"},

Wi (c,8)=(c'a,) ZZZ/L},’ te + 16,

hus=1

W,(c, 8)=14(c'a,)?, (4.18)

Wa(c,8)=1(c'ay) ¥ ZZ 0,0, (vl +vi)

iws=1
c=(cyywc,), D=(0/0yy, .., 0/dy,) is a vector of partial differentiation
operators, #(-) is the standard univariate normal density, and 4,(8) does
not involve a,;, a,; (0<i<p).

By (4.11), (4.14), the power function of the LMMPU test under
contiguous alternatives 8(n) =0,+ n~"?5 is given by

P(z](5)=P0(5)+n7”2P(12’(5)+n71P[22'(5)+o(n" h, (4.19)
where Py(8), P{?'(8), PY(8) are free from n,

Py(8)=K, . (z*) (4.20a)
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P(12'(5)=Q(5» 32)““\01(,7,;.(32)— (a}9) AK,.,,:(Zz)

P
+%(Z wlﬁ) 4K, (2%), (4.20b)
s=1
P8) = Z hy(3) + Z WX(8)+ }pj C*O)—LB*(d).  (4.20¢)
i=0 Jj=1 y=1

In order to simplify (4.19) further, we proceed to determine a,y, ay, 4, a,
from the conditions of size and local unbiasedness up to o(n '), namely,

P(12)(0)=0’ {61)112)(5)/65.'}5=0=0 (1<igp), (4.21a)
PR(0)=0,  {8PP(8)/a5;}5_0=0(1<i<p). (4.21b)
Exactly as in Mukerjee [12], from (4.15), (4.20b), (4.21a), after some

simplification, the unique solutions for a,, and a, =(a,,, .., a,,)" are given
by

P
=0, a,=—3% Z YD (p+2) 2L (4.22)
s=1

Similarly, from (4.21b), a,, and a,=(a,, ., a,,) can be determined
uniquely. The detailed expression for a, will not, however, be required for
the present purpose. From (4.15), (4.20b), (4.22), one can check that

PP(8)=P,(d), (4.23)

where P,(d) is as in the statement of Theorem 1.
By (4.12), (4.13), (4.16), (4.20c), (4.22), for 1 =0,

14

4
P{A)Y=ho(d) —axk, (2 + 3. WX(A)+ Z C*(A)—L1B*(4), (4.24)

j=1 =

where the averages are as defined in (2.1), and

I
6s*{)')=%{ip lkp+4.),(:2)+dkp,i.(:2)} ”(-5)

§ s
u=1

P
+3{20p Ak, (2 + Ak, 2D Y Y g
Lu=1
+(wia,) 4k, ;(2°)+ dp l(“'lx.vax)dkp+z.z(2'2)
+%A‘p ! Z {(M’s\vvuu)Akp, ( )+a\11 p/( 2)}

+0(4%), 1<s<p, (4.25)
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B*)=k, () (Z > a)

su=1

+{;~Pilkp+4/( )+k,,+2,(‘ y—k /_-(32)}

X ( i w“)l ( i w“>. (4.26)

= s=1

By the first condition in (4.21b), P{*'(0)=0 so that by (4.24)-(4.26),
4

az(,:[ﬁo(m z *(0)+ 3 Ak, 2)Zp2w§.i’u

= su=1

14
+ A kl’ 0(‘ ZZ gf:u’u

; £%e)
—3{kp 1 20(22) =k o(z )( )(Z )] kpol(z?). (4.27)

Also, as in Section 3 of Mukerjee [12], by (4.17), (4.18),

F Ak, o)) S (whaay) = LK, of= 2)(

4
X DWF () = k(20K o(2) ) WHO)]

—ip 'k, s 20(2?) { 5 (w;ua,)—a;al} +O().  (4.28)

u=1

From (4.22), (4.24)-(4.28), after some algebra, one obtains
p(zz)(/l) =};0(}~) - {kp,,{(«”z)/kp,a(zz)} 50(0)
+ ik, 20(2%) {(422)“ (1'2*1)

+(4p)~! ZZ Wi Wy — alal}+0(lz)

= ﬁo(l)_ {kp,}.(zz)/kp.o(zz)} }_’0(0)
+).kp+2‘0(22){(422)' ! (I'Z*l)+p*1£’l(82—£1)} + O(iz),
(4.29)

where &, is a px1 vector with ith element —iz%(p+2)"'¥7_ 43

(1 Slsp) and £2=Zsp=l M"S.y'
We now consider Rao’s test given by (3.1) which belongs to the class
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considered in Mukerjee [12]. Following [127, if by, b5, b, b, in (3.1) are
chosen subject to the conditions of size and local unbiasedness up to
o(n~'), then it can be seen that the power function of Rao’s test, under
contiguous alternatives 8(n)=0,+n "5, is given by

PUO(3)=Py(8)+n PP(3)+n 'PV(S)+o(n "), (4.30a)
where Py(8), P{"(8), PY(5) are free from n,
Po(0) =K, :(2%), P{"(8)=P,(3), (4.30b)

P,(3) is as in the statement of Theorem 1, and PY"(5) is such that for
Az0,

F(zl)('i)=50(/l)‘ {kp.).(zz)/kp.()(zz)} };0(0)
+ 2k, 2027y p e (82— &) + O(A). (4.30¢c)

Theorem | now follows from (4.19), (4.20a), (4.23), (4.29), (4.30a)-(4.30c).

The derivation of the local power function of the LMMPU test (see
(4.19), (4.20a)-(4.20c)), with the help of some results from Mukerjee [12]
was an important step in the above proof. Comparing with [12], it can be
seen that we are essentially approximating E,,,, {exp(¢Z'”)} by

Eoum [{1+n "2(2a\H, + 'Hy)) +n~'(28ay H, + 26%(a H )
+282(1'Hy)(a\ Hy) + Eava, + 387(1'H,)* } exp(EHL H ),

as computed up to o(n~') from the assumed multivariate Edgeworth
expansion of (H;, H;)" under 6(n), where H,=(H,,,, .., H,,,)’, and then
inverting this approximation using (4.10a), (4.10b) whenever necessary.
Alternatively, one can consider the more laborious procedure of directly
integrating the multivariate Edgeworth expansion, under 6(n), of
(H;, H;)' over the critical region represented by (3.4) by first making the
transformation

P
{i=H,(l<igp), ép+l=Z (Hy;—wj;Hy),

i=1

Cp+:= Hy,—wiH, (2<i<p),

then integrating {,, ,, .., {;, out, and finally integrating with respect to
{is o £,y {, 41, using relations analogous to (4.10b). It can be shown that
the contribution of each term in the multivariate Edgeworth expansion
under the above procedure of direct integration agrees, up to o(n '), with
that under the procedure employed above in proving Theorem 1. Further-
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more, up to o(n~'), the contribution of each term in the multivariate
Edgeworth expansion to Ej,,, {exp((Z'?)}, is of the form

d d d
Z rOj"(js }'9 é)+nl/2{z rljr,(js ;L,é)'f‘é Z r?_jn(j’ ;*’Cv)}

j=1 J=1 i=1

d d d
+n“{2 Fyn(y A O+ Y Tyn(j, 4, +& Y fs,n(j,l,é)},

=1 =1 i=1

where d is a positive integer, the I')’s are free from »n and ¢ (but may
depend on §), and some of the I;’s are possibly zeros; one can check that
if two expressions like the above are identical in ¢ (and 8) then their
inversions, as done here, will also be identical up to o(n~'). These
considerations, under the assumption of existence of a valid Edgeworth
expansion under 6(n), up to o(n~"), for (H,, H})" in the L -sense, provide
a justification for the calculations in this section.
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