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ABSTRACT

g Menaure to compare overall variability of different populations
#gical sciences (Goodman, 1968; Kocherlakota and Kocherlakota,
7 Bokal, 1965). Here we present simple and elegant multivariate
Baues (o DBartlett's and Hartley's tests of "homogeneity. Large.
distributions of the test statistics are presented and the practi-
fulness of the tests are demonstrated through several examples.

1. INTRODUCTION

<mlman (1968). has pointed out that the generalized variance
:i'rm!rlts further investigation” and related statistical inference
,'-'lio be developed. This paper provides a step to meet that need.
osted also by Sokal (1965), Wilks (1967) etc., the GV serves
useful measure to compare "overall variabililty" of different
fytlons with regard to multiple characters as encountered in_
: Jeal sciences. An excellent recent review on GV is given in

Mirlakota and Kocherlakota (1983).



Let X be a p-dimensional random vector variable with Cov{X)
= L. Det (I) =]E| is termed the GV. A further generalization of GV
is felt necessary as seen, for example, from the following situations.
(1) Reduction of dimensionality plays an important role in statistical
analysis of biological data. Like Gnanadesikan (1977, p.77), SenGupta
(1983) etc., one may be interested in making a choice between diffet-
ent sets of generalized canonical variables and that too of ipossibly
different dimensions. (2) In case of wvector observations, for some
of which information on certain components are missing, one might
have to restrict to those "only ... for which complete data were
available" {(Goodman, 1968, p. 191). This results in loss of data. Alter-
natively, in many cases, it may be reasonable to retain incomplete
observations and compare data of different dimensions. For such
situations where comparison of overall variability for populations
of different dimensions are necessary, we propose as a generalization
of GV, the standardized GV (SG‘J’),|E|1'rp . We note that the SGV is
a measure so scaled as to render it comparable to scatter for a
scalar random variable and hence its magnitude is easier to compre-
hend. ‘ '

We present generalizations of Bartlett's (Result 3, Section 2)
and Hartley's shortcut (Section &) tests of homogeneity of variances
of several populations and the large sample distributions of the corres-
ponding test statistics. Several examples from biological sciences
are given to illustrate the usefulness and the simplicity of the propo-
sed tests.

2, LIKELIHOOD RATIO TESTS FOR 5GVs

Let X v NP 1 ,2). Throughout our discussion, unless otherwise
stated, assume I to be non-singular. Denote the population SGV
of X, E|UP, by 8% and that of the sample,|SfN|1"p by d®  where
S is the sample sums of products matrix based on a sample of size
N. Also denote IS[UP by s° . [Note that, Anderson (1984) defines
GV with the divisor N-1 instead of NI



f Tex:s for SGVs of One and Two Independent Multivariate Normal
i Pooiations.

For the sake of completeness we present below Results ! and

nl

=it 1. The LRT for H0 . a2 - cg against H.l : a2 ;502 can
zvzlently given by,
Reect H iff ‘d2p,c,20_p >a or < a,
R and 4, are constants to be determined from the specified
£ 27 the test.
Ses.it 2. The LRT for Ho:Af =4 against H, :024 22can be equi-
i given by, :
Beect HO iff R = df/dg <ry or> r,
, T, and F, are constants 10 be determined from the speci-
® =.o. of the test.
Trcis of the Results | and 2 and the exact distributions of
=7 he test statistics in terms of Special Functions are presented
b «orzutzble forms using the theory of Calculus of Residues (e.g.
o= 2nd Katiyar, 1979) in SenGupta (1981).

~es: for the Equality of 5GVs of k (>2) Independent Multiva-
Nermal Populations.

Te: Xy ot = by aeny Ni » 1 = 1, w; k denote k random samples

ar:  k  independent populations Np‘ (ui ,Zi), i=1, ey k respec-
feeix. We are interested in testing —iHO: A? s 1= 1y ey kall equal,
) m:s: the alternative H1 » that at’ least one of them differ. "The
RE . under both Ho and Hl,of u‘*is ii, i =1, vy ke Let Gi.,
:’ Lrwn Ky, j=1, ., P; be the characteristic roots of Z'il s,

tively where Si s 1= 14wl are the sample sums of products
for )(i yi= 1, ey k respectively. For finding the MLEs
i=1, .y k, under Ho , it suffices 10 consider, C

N 1

1 j=1!

; X KEL tne. - tnsdH-(z L gne .-- an sZ )]
D B | i Pi ij 170 iy i+lj i+l



where C is a constant and )‘ii;-l are undetermnined Lagrange multipliers.
with Kk+l being replaced by 1 in the suffixes. Differentiating ¢ with

respect to B.js and equating to zeros we have,

N+(X )=p.9..;i=l,...,k,j:l,T..,pi,lol'Elkl;

ji+1 " lli i

-5/ ,i:l,...,k,

28, = -
ij =8>

where 6{2) is the MLE of Gg , the common unknown value of Aiz .

i=l,...,k. S0
k k
82 ~2 ) 2
E pN + G r Zl { A, Giel -)\.‘_“) l= Z'.pisi

A2
% * fPisi S

a2 2

Note that 0 agrees with the MLE for % of the univariate case.

Hence, we get,
Result 3. The LRT for H_ 142
one of the AZ. , i=1,... k), differ is given by
1
k 2 Nipilz
Reject H_ if andonly if, n= 1 (d2/82) <n_,
o] i=1 1 o] [s]

, all equal, against Hl : at leas:

where 'c\rg =

siz,fzpiNi and 7, is a constant to be determined from
the specified level of the test. _

For the univariate case, with P = I and Ni replaced by n; = N,-1,

iz.l,.«., k, nreduces to the well-known Bartiett's statistic for
testing homogeneity of variances of several mdependent normal popula-
tions. For the muitwanate case, we propose below ITB as a (Bartlett-

type) modlhcatxon of n?

n.p;/Zn k
'ﬁé:ﬂl(u)' I(E npulan),nuz-Ndz,l-l,.",k.
i= i=l

. 3. LARGE-SAMPLE APPROXIMATIONS

Some large sample approximations to the exact distributions
of the test criteria considered above. are now suggested. Existing
approximations are also reviewed for the distributions of GV and SGYV.



| &e—orotic Distributions of GV and SGV.

Lezing m.l2 = Nd2 ,n =N -1, we have from Anderson {1984),

wr: T.5.4, that for large N,

A

] 3: L

¥ 2 a%P 1) SN, 2p)

k P

& = <own that n =|S|/E|is distributed as II xlz\l-i , where the xz‘s
p 2 ~cependent. Hoel (1937} suggested 1aﬁp%'c:»cj.ma'cing the distri-
i == -/ P= why the distribution with the density function

% p{N-p) % p(N-p) - 1  -Cw
=C w

A e /T [ p(N-p)/2 ]

: \/p
T = Clp,N) = (p/2)1- {(p - 1Xp-2)/(2N)}]

F Tms curns out to be exact for p=landp=2.

1 Zmanadesikan and Guptﬁt {1970) have suggested approximating
di=oution of Inw= “/E) f In xi_i , using the Central Limit

pre. by the normal distribution. )
t  Ws now propose a new approximation to the distribution of SGV.
' apoiication of the general result of Madansky and Olkin (1969)
g ) =|V|”p shows that, for large N,

b /) 8% -1 5 N2/

i e light of this approximation to the distribution of the SGY,
i ateresting to note the approximation to the distribution ‘of GV

f Runce-son stated at the beginning.

f Bs—orotic Distributions of R and n

Denoting by C; the C(Nl » P; ) of Hoel's approximation, the den-,
pat R for large N, and N, can be approximated by that of,

o 2
(NP Ny C N py(N;-p))) & Fo (N;-py), 9, (N,PL),

2 Af/n% . The null and nen-null distributionsare obtained
g §2-1 and the specified value under the alternative

mtnes. s, respectively.



In addition to the usual )(2 approximation to the likelihood
ratio criterion n, another approximation is presented here. If N1
is large compared to plz, i=1, ..., k then in the same lines of Hoel's
approximation, we get X p!nhulf' o’ can be approximated by a )(2
variable with d.f. pi(Ni-pl), i =1, ey k. Hence,

Lemma 3.2.1. If Ni is large compared to p sy =1, uyk
then the density of nB under H o an be approximated by f(t} defined
in Theorem 3.4.1 of SenGupta (1981) (where P; 's mow can be any inte-

gers, not necessanly Is or 2s only),
Similar result is seen to hold for n2 also.

4. A MULTIVARIATE Fmax CRITERION

A simpler statistic than 0 is now suggested for the special
case when we have an equal number of observations, N, froam k
populations, each of equal dimension p . We propose the statistic

_ 2
Fp,max T “max / dmin )

For p = 1, this coincides with the Fmax proposed by Hartley
(1950) as a shortcut ' method for the univariate case. It is known
that In )(3, for large v, is approximately normal with variance
2/(v-1). Hence, In d? is approximately normal, for large N, with
variance _E[Z/pz(N-j-l)]. Thus the approximate percentage points

of F —can be determined from

pymax ° /
1 o iql/2
Fpmax @ = exp lr @5 {E 2/0N-5-1375)

where T (@) is the 100a% point of the range r, in independent
fiormal samples of size k. Tabulated values of O (@) are available
from Pearson and Hartley {1956},

5. EXAMPLES

Sokal (1965) had suggested the use of GV to compare the overall
variability of different populations in biological sciences. Following
this suggestion, Goodman (1968} used the value of the sample GV
as a descriptive measure for that purpose. Obviously, statistical tests



ues=2 [or the required comparison and Examples 1 and 2 are
Lmﬁ Goodman's data to which statistical tests of homogeneity
picacces are now employed. Efforts for ranking and selection
me worthwhile if it is known that the populations do indeed
g e~z it seems reasonable that a preliminary test for homoge-
precede the ‘analysis for ranking and selection. This

2mec <hrough Example 3.

1. Based on different varieties of rice, Goodman (1968}
[greccsec & grouping according to their sample GVs. This was
‘h:rc 10 be consistent with the geographical and the other
peccrcic considerations. However, the need for a statistical
baor scn grouping is felt. Here, one may require that the popula-
F&¥: se the same for two varieties 1o belong to the same group.
EME -cservations each on X = {ear length, ear breadth), -for the

—ies Cateto Suline and Avanti Piching Ihu, we have

ST (s686/.0961)/2 = 3.01 .
.. 2 2 , .
e, Al H A2 y R~ F2(45 - 2), 2065 -2)° Using this result and

. =ing equal tails, Hj is rejected at .01 level of significance.
—e two 'varieties should belong to different classifications
- :oncludéd by Goedman {1968) using just the magnitudes of
5 for the purpose. The d12 values were made available at

State University.

Sxample 2. Consider again Goodman's data, now on cotton.
chserved that the ". . . cotton populations indicate even
: clezrly that the generalized variance is a useful measure of
. ~zriability that merits further investigation.” To compare
f pmp iztions statistically on the basis of their GVs, we proceed,
s Sx=mple 1, to test the hypothesis of homogeneity of their
E:g~7 characters: bract length, bract index, floral index, petal
b ancroecium length, staminal index, boll length and branch angle
srocied. From each of the three varieties of cotton: Gossypium
Gossypium hirsutum and FZ’ a sample of size 90 was

b

Since the common sample size is quite large, it will be valid



to use the large-sample distribution of the Fp,max test propos
in Section 4. Here, k=3, p=8 and N=%0. Goodman (1968) has giv
the values of the In GVs as -2.48, -2.79 and 12.93, respectively
Then,

F = expf(12.93 + 2.79)/8] = exp. (1.965) and

2, max

]
Fg maxt01) = exp. [r;(01) § s 2/(90-j-01/21 = exp.(0.220).

Hence the three poplations differ, in terms of their GVs.

Example 3. Gnanadesikan and Gupta (1970} were interested
in a ranking and selection procedure based on generalized variance.
They considered 5(=p) - dimensional summaries of speech spectred
graphic data from a talker identification problem. The data consisted
of 7(=N) replicate utterances of 10(=k) words for one particular
speaker. Then,

F = (720616.4465/1.5411)1/% - 13.6137 and
p,Mmax

F (.01) = 9.0737
p,max

Hence, the hypothesis of equal multidimensional scatter, as measured
by 5GV, is to be rejected.

6. REMARKS

As with any multidimensional measure, the SGV cannot by
expected to be the unique measure best for all situations of multidimen|

sional scatter. However, if we are interested in ‘overall' scatter

and where magnitude of individual variances separately are not
of great concern, the 3GV can be expected to perform adequately, |
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