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1 Introduction

In an influential piece of work, Benhabib and Farmer (1994) have shown that slight depar-

tures from an otherwise standard one-sector real business cycle (RBC) model, in the form of

either productive externalities or monopolistic competition, may lead to equilibrium indeter-

minacy and belief-driven aggregate fluctuations.1 For the sake of analytical simplicity within

their monopolistically competitive setting, these authors postulate a time-invariant measure

of intermediate goods-producing firms, which in turn implies that positive profits will exist in

equilibrium because entry and exit of intermediate-input producers are not allowed; and that

returns to product variety are completely absent. In this paper, we incorporate the following

empirically realistic features into the Benhabib-Farmer economy: variations in the measure of

intermediate-good firms over time, together with the associated increasing returns to special-

ization.2 In addition, the parameters that govern the degree of the monopolistic market power

versus the strength of variety effects are disentangled. Accordingly, the primary objectives of

our study are to examine the robustness of Benhabib and Farmer’s (1994) theoretical findings

under the aforementioned extensions, as well as to further understand the precise economic

mechanisms through which multiple equilibria may occur in a one-sector representative-agent

macroeconomy with imperfectly competitive markets.3

In the context of two versions of a parsimonious one-sector monopolistically competitive

RBC model, we examine the analytical and quantitative interrelations between macroeconomic

instability, free entry/exit of intermediate-input firms and increasing returns to product variety.

Specifically, other than the common fixed set-up costs, additional increasing returns-to-scale for

producing intermediate goods in the baseline economy are originated from operational firms’

own factor inputs à la Benhabib and Farmer (1994, section 2.2); whereas positive productive

externalities from the economy-wide levels of capital and labor services are the sources in

the alternative framework à la Chang, Hung and Huang (2011). Each formulation has an

intermediate-good segment in which monopolistically competitive firms operate with a Cobb-

Douglas production function and pre-set constant overhead costs. The equilibrium measure

1See Benhabib and Farmer (1999) for an early survey of this RBC-based indeterminacy literature.
2Previous research that has provided empirical support for the importance of entry and exit (or births

and deaths) of firms/products over the business cycle includes Davis and Haltiwangar (1990), Jaimovich and
Floetotto (2008), Bernard, Redding and Schott (2010), and Broda and Weinstein (2010), among others. In
terms of existent studies that have reported estimation results to affi rm the incidence of positive variety effects,
see, for example, Funke and Ruhwedel (2001), Feenstra and Lee (2008), and Ardelean (2011).

3As in Benhabib and Farmer (1994, section 2.2), Bénassy (1996), and Devereux, Head and Lapham (1993,
1996, 2000), our analyses below are restricted to exploring the local (in)stability properties of the economy’s
unique interior steady state. Recently, Wen and Wu (2019) study a similar one-sector monopolistically compet-
itive RBC macroeconomy, and examine the equilibrium dynamics as well as the policy implications associated
with the model’s second stationary state that is characterized by zero output.
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of these intermediate-input producers is determined endogenously through the condition of

zero profits at each instant of time. This in turn yields increasing returns to specialization, as

in Bénassy (1996), that will appear in the economy’s social technology. A single final output

(GDP) is produced from combining available differentiated intermediate goods in a perfectly

competitive environment.

For the baseline economy, we derive the analytical expression of its Jacobian matrix eval-

uated at the unique interior stationary state, and then show that the necessary and suffi cient

condition for local indeterminacy is an upward-sloping equilibrium wage-hours locus which is

steeper than the household’s labor supply curve. It follows that endogenous aggregate booms

and downturns may occur as self-fulfilling sunspot equilibria. This requisite condition turns

out to be qualitatively the same as that for an indeterminate steady state to arise in Benhabib

and Farmer’s (1994) one-sector RBC macroeconomy without creation/destruction of interme-

diate inputs-producing firms and returns to specialization. In accordance with Kim (2004,

section 3.2), we also find that the level of intermediate-good producers’market power has

no bearing on the benchmark model’s macroeconomic (in)stability properties because their

monopolistic markup does not affect movements in the symmetric-equilibrium prices of factor

inputs. As pointed out by Bénassy (1996), the feature of intermediate-input firms’monopoly

power is only necessary for the existence of a monopolistically competitive equilibrium in light

of the incidence of fixed set-up costs. It is worth noting that this is a result that cannot be

arrived at when a single parameter is adopted to characterize not only the variety range, but

also the size of market power, for producing intermediate goods, as in Devereux, Head and

Lapham (1993, 1996, 2000) and Chang, Hung and Huang (2011).

To gain further insights of the aforementioned indeterminacy condition, we undertake a

two-part comparative analysis and obtain the following results. First, our baseline model’s

reduced-form production function is found to display constant returns-to-scale in aggregate

levels of capital and labor services under no returns to product variety. In this case, the econ-

omy always exhibits saddle path-stability stability and equilibrium uniqueness. This finding

implies that incorporating endogenous entry and exit of intermediate-input producers alone

(without the accompanying returns to specialization) into Benhabib and Farmer’s (1994, sec-

tion 2.2) one-sector monopolistically competitive RBC model will eliminate the possibility of

indeterminacy and sunspots altogether. Second, we analytically show that in comparison with

the original Benhabib-Farmer macroeconomy, our benchmark framework is ceteris paribus

more (less) likely to possess indeterminate equilibria when the gross rate of return from va-

riety effects is higher (lower) than the total internal returns-to-scale in production originated

from intermediate goods-producing firms’own factor inputs.
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For the alternative economy, it is straightforward to show that as in our benchmark for-

mulation, the magnitude of market power for intermediate-good producers exerts no influence

on the model’s equilibrium dynamics since the corresponding monopolistic-markup parameter

does not enter the associated Jacobian matrix. It can also be shown that the intuitive interpre-

tation of its necessary condition for local indeterminacy is qualitatively identical to that within

our baseline or Benhabib and Farmer’s (1994, section 2.2) setting, i.e. the positively-sloped

equilibrium wage-hours locus needs to intersect the household’s labor supply curve from be-

low. Per a similar two-part comparative examination as described above, we find that in sharp

contrast to our benchmark specification, macroeconomic instability may still arise in the mod-

ified model under no returns to specialization because the resulting social technology exhibits

increasing returns-to-scale in the economy-wide capital and labor inputs due to the presence

of positive external effects. It follows that a suffi ciently high level of productive externalities

from aggregate labor hours alone (without any variety effects) is able to generate belief-driven

cyclical fluctuations within the alternative macroeconomy. Moreover, we analytically derive

the inequality under which the parametric scope for endogenous business cycles will be ceteris

paribus larger/smaller in our modified model than that in the Benhabib-Farmer framework.

As it turns out, the sign for this condition is determined by the combined effects of labor

externalities and returns to specialization versus the markup ratio of price over marginal cost.

Although the requisite conditions for indeterminacy and sunspots are intuitively the same

in our baseline as well as alternative formulations, their quantitative implications are different.

Specifically, there are two complementary factors in producing multiple equilibria within the

modified model: either a stronger external effect of aggregate labor inputs or an increase in

the equilibrium measure of intermediate goods will raise the output elasticity with respect to

hours worked in the economy’s social technology, which in turn helps fulfill agents’optimistic

expectations about future economic activities. As a consequence, the minimum degree of

returns to specialization needed for macroeconomic instability is found to be monotonically

decreasing with respect to the level of labor externalities. On the contrary, only the product-

variety parameter is available to affect the local (in)stability properties of the benchmark

model. It follows that while keeping the calibrated values of other parameters unchanged, it

will be quantitatively more likely for our alternative macroeconomy to display belief-driven

cyclical fluctuations than the baseline counterpart. This result thus illustrates the critical

importance of intermediate inputs-producing firms’production specifications on the feasible

parametric region that exhibits an indeterminate steady state within a one-sector RBC model

under monopolistic competition, endogenous entry and exit of firms, and increasing returns

to specialization.
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Finally, per the criticism that Benhabib and Farmer (1994) have been subject to, we ac-

knowledge that the threshold level of aggregate returns-to-scale in production needed for local

indeterminacy within either our baseline or alternative economy is unrealistically high vis-à-vis

estimation results of previous empirical studies. However, this is not a serious issue of concern

in light of subsequent theoretical developments in the RBC-based indeterminacy literature.

For example, it has been shown that in a one-sector RBC model with variable capital utiliza-

tion (Wen, 1998) or countercyclical income taxation (Schmitt-Grohé and Uribe, 1997); or in

a two-sector RBC model with sector-specific productive externalities (Benhabib and Farmer,

1996; Perli, 1998; and Harrison, 2001), the minimum degree of technological increasing returns

required for the occurrence of endogenous business cycles is much less stringent. Since assert-

ing the empirical plausibility of equilibrium multiplicity is not an objective of this paper, we

plan to incorporate one of the above-mentioned features into our benchmark and alternative

formulations in future research. On the other hand, maintaining the parsimonious structure

close to the original Benhabib-Farmer monopolistically competitive setting will allow the com-

parison of our versus their theoretical and quantitative results to be conducted in a focused

and transparent manner.

The remainder of this paper is organized as follows. Section 2 describes our benchmark

model, discusses its equilibrium conditions, and then analytically as well as quantitatively

examines the resulting local (in)stability properties. Section 3 studies the macroeconomic

dynamics of our alternative economy. Section 4 concludes. A more general model with both

internal and external increasing returns-to-scale for indeterminate-good producers is analyzed

in an Appendix.

2 The Benchmark Economy

Our analysis begins with incorporating (i) free entry and exit of intermediate goods-producing

firms, and (ii) distinct parameters that govern the degree of intermediate-input producers’

monopoly power versus the level of increasing returns to specialization into Benhabib and

Farmer’s (1994, section 2.2) parsimonious one-sector real business cycle model with monopo-

listic competition in continuous time. Households live forever, and derive utilities from con-

sumption and leisure. The production side of the economy consists of an intermediate-good

segment in which monopolistically competitive firms operate under fixed set-up costs and

internal constant/increasing returns-to-scale in production from their own capital and labor

inputs. The equilibrium measure of these intermediate-input producers is endogenously de-

termined through the zero-profit condition at each instant of time. This in turn generates
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increasing returns to specialization or product variety, à la Bénassy (1996), that will appear

in the economy’s social technology. A final output (GDP) is produced from the set of available

differentiated intermediate goods in a perfectly competitive environment. We also postulate

that there are no fundamental uncertainties present in the macroeconomy.

2.1 Firms

The production side of our model economy is comprised of two segments. A single final good

Yt is produced from a continuum of intermediate inputs xjt through the following production

technology:

Yt = N
1+θ− 1

λ
t

(∫ Nt

0
xλjtdj

) 1
λ

, θ > 0 and 0 < λ < 1, (1)

where Nt denotes the measure of (or the degree of variety for) intermediate goods utilized

at time t, θ represents the degree of returns to specialization as in Bénassy (1996), and λ

determines the elasticity of substitution between intermediate inputs. The final-good segment

is postulated to be perfectly competitive, and we denote pjt as the price of the j’th interme-

diate good relative to the final output. The final goods-producing firms’profit maximization

condition yields that the demand function for xjt is

xjt =

Nλ(1+θ− 1
λ)

t

pjt

 1
1−λ

Yt, (2)

where the elasticity of demand is 1
1−λ , and the resulting markup ratio of price over marginal

cost is equal to 1
λ . In the limiting case of λ = 1, all intermediate inputs are perfect substitutes

for the production of Yt, hence the demand curve (2) will become perfectly elastic or horizontal.

In addition, the parameters that characterize the degree of market power for intermediate-good

firms λ and the level of product variety θ are now disentangled.

In our benchmark model, each intermediate good is produced by a monopolist with the

production function that allows for constant à la Bénassy (1996) or increasing à la Benhabib

and Farmer (1994) returns-to-scale in its own factor inputs:

xjt = kαjth
β
jt − F, α, β, F > 0 and α+ β ≥ 1, (3)

where kjt and hjt are capital and labor services employed by the j’th intermediate-input

producer; and F represents a constant amount of intermediate goods that must be expended

as fixed set-up costs before any production is undertaken. When α + β = 1, the presence of
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such overhead costs implies that the intermediate-good technology exhibits increasing returns-

to-scale.4 Moreover, additional increasing returns will exist in (3) under α+ β > 1 because of

diminishing marginal costs.

Using equations (2) and (3), the profit function for the intermediate-input producer j is

given by

πjt =

[
N

1+θ− 1
λ

t xjt

]λ
Y 1−λ
t − rtkjt − wthjt, (4)

where rt is the capital rental rate and wt is the real wage rate. Given the assumption that

factor markets are perfectly competitive, it is straightforward to show that the first-order

conditions for the j’th intermediate-good firm’s profit maximization problem are

rt =
λα(xjt + F )pjt

kjt
and wt =

λβ(xjt + F )pjt
hjt

. (5)

Under the maintained assumption of free entry and exit for intermediate goods-producing

firms, their profit will be equal to zero at each instant of time.5 This zero-profit condition in

conjunction with (5) lead to the constant equilibrium quantity of intermediate input j:

xjt =
λ (α+ β)F

1− λ (α+ β)
, (6)

where λ (α+ β) < 1 to ensure that xjt is strictly positive.6 Equation (6) also represents the size

of the j’th intermediate-good producer that turns out to be independent of any endogenous

variable. In what follows, our analysis is restricted to the model’s symmetric equilibria in

which

pjt = pt, xjt = xt, kjt =
Kt

Nt
, hjt =

Ht

Nt
, for all j ∈ [0, Nt], (7)

where Kt

(
=
∫ Nt

0 kjtdj
)
and Ht

(
=
∫ Nt

0 hjtdj
)
denote the total capital stock and labor hours

demanded/employed by intermediate-input firms. Using equations (3), (6) and (7) yields that

4As in our baseline economy, the one-sector RBC model of Devereux, Head and Lapham (DHL; 1993, 1996,
2000) also considers monopolistic competition under α + β = 1, together with endogenous entry and exit of
intermediate-input producers. However, DHL postulate that the degree of returns to specialization takes on
the specific value θ = 1

λ
− 1 > 0. It follows that there exists a one-to-one link between λ and θ, whereas these

two parameters are differentiated in our analysis.
5 It would be worthwhile for future research to analyze the equilibrium dynamics for our model economy

when the zero-profit condition only holds in the long run, as in Kim (2004, section 3).
6 It can be shown that under a less stringent parametric restriction λ (α+ β) ≤ 1, the second-order or

concavity condition on (4) will be satisfied.
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the equilibrium measure of intermediate-good producers is

Nt =

{
[1− λ (α+ β)]Kα

t H
β
t

F

} 1
α+β

> 0. (8)

Next, after substituting (7)-(8) into (1) and (2), we find that the economy’s reduced-form

aggregate production functions is given by

Yt = N1+θ
t xt =

{
λ (α+ β)

[
1− λ (α+ β)

F

] 1+θ
α+β
−1
}
≡ Ω > 0

K
α(1+θ)
α+β

t H
β(1+θ)
α+β

t , (9)

where α(1+θ)
α+β < 1 to rule out the possibility of sustained endogenous growth and N1+θ

t repre-

sents a productivity measure. Since the degree of specialization is postulated to be positive

(θ > 0), the social technology (9) will exhibit increasing returns to an expansion in product va-

riety Nt, which can be interpreted as endogenously enhancing the total factor productivity. In

addition, as pointed out by Kim (2004, section 2.4), the degree of intermediate goods-producing

firms’constant market power λ does not affect the level of aggregate returns-to-scale in pro-

duction (= 1 + θ) within our monopolistically competitive RBC model under time-invariant

set-up costs F and zero profits at each instant of time. Finally, plugging (7) and (9) into (2)

shows that the symmetric-equilibrium price of each intermediate good is

pt = N θ
t . (10)

We can then combine equations (5)-(10) to obtain that the symmetric-equilibrium factor prices

are given by

rt =
αYt

(α+ β)Kt
and wt =

βYt
(α+ β)Ht

, (11)

hence the capital and labor shares of national income are α
α+β and

β
α+β , respectively. Notice

that the capital and labor exponents for the above equilibrium prices of factor inputs are

independent of the monopolistic-markup parameter λ.

2.2 Households

The economy is populated by a unit measure of identical infinitely-lived households, each of

which maximizes a discounted stream of utilities over its lifetime:

∫ ∞
0

(
logCt −A

H1+γ
t

1 + γ

)
e−ρtdt, A and ρ > 0, (12)
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where Ct is consumption, γ ≥ 0 denotes the inverse of the intertemporal elasticity of substi-

tution in labor supply, and ρ is the subjective rate of time preference. The budget constraint

faced by the representative agent is given by

K̇t = wtHt + rtKt︸ ︷︷ ︸
= Yt

−Ct − δKt, K0 > 0 given, (13)

where δ ∈ (0, 1) is the capital depreciation rate. The first-order conditions for the household’s

dynamic optimization problem are

ACtH
γ
t = wt, (14)

Ċt
Ct

= rt − δ − ρ, (15)

lim
t→∞

e−ρt
Kt

Ct
= 0, (16)

where (14) equates the slope of the representative agent’s indifference curve to the real wage,

(15) is the consumption Euler equation and (16) is the transversality condition.

2.3 Macroeconomic (In)stability

To facilitate the analysis of local (in)stability properties within the baseline economy, we make

the following logarithmic transformation of variables: kt ≡ log(Kt) and ct ≡ log(Ct). With

these transformations, our model’s equilibrium conditions can be expressed as an autonomous

pair of differential equations:

k̇t = eλ0+λ1kt+λ2ct − δ − ect−kt , (17)

ċt = (
α

α+ β
)eλ0+λ1kt+λ2ct − ρ− δ, (18)

where

λ0 =

[
(α+ β) (1 + γ)

(α+ β) (1 + γ)− β (1 + θ)

]
log Ω−

[
β (1 + θ)

(α+ β) (1 + γ)− β (1 + θ)

]
log

[
A (α+ β)

β

]
,

λ1 =
θ (α+ β) + γ (αθ − β)

(α+ β) (1 + γ)− β (1 + θ)
and λ2 =

−β (1 + θ)

(α+ β) (1 + γ)− β (1 + θ)
.
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It is straightforward to show that the above dynamical system possesses a unique interior

stationary state. We can then derive the Jacobian matrix of partial derivatives for the trans-

formed dynamical system (17)-(18) evaluated at this steady state. The determinant and trace

of the model’s Jacobian J are given by

Det =

{
(ρ+ δ) [βδ + ρ (α+ β)]

α

}
︸ ︷︷ ︸

positive

{
(1 + γ) [α(1 + θ)− (α+ β)]

(α+ β) (1 + γ)− β (1 + θ)

}
, (19)

and

Tr =
δθ (α+ β) (1 + γ) + ρ (1 + θ) [α (1 + γ) + βγ]

(α+ β) (1 + γ)− β (1 + θ)
. (20)

Since the first-order dynamical system (17)-(18) possesses one predetermined variable kt, the

economy displays saddle-path stability and equilibrium uniqueness if and only if the two

eigenvalues of J are of opposite signs (Det < 0). When both eigenvalues have negative real

parts (Det > 0 and Tr < 0), the steady state is a locally indeterminate sink that can be ex-

ploited to generate endogenous business cycles driven by agents’self-fulfilling expectations or

sunspots. The steady state becomes a source when both eigenvalues have positive real parts

(Det > 0 and Tr > 0). In this case, any trajectory that diverges away from the completely

unstable steady state may settle down to a limit cycle or to some more complicated attracting

sets.

We first note that in accordance with Kim (2004, section 3.2), the level of intermediate-

input producers’monopolistic markup has no bearing on our model’s macroeconomic (in)stability

properties because λ ∈ (0, 1) does not affect the capital and labor exponents for the symmetric-

equilibrium factor prices (see equation 11), nor the Jacobian matrix’s determinant and trace

given by (19)-(20). As pointed out by Bénassy (1996), the feature of market power is only nec-

essary for the existence of a monopolistically competitive equilibrium, characterized by (6) and

(8), in light of the incidence of fixed set-up costs F .7 Notice that this is a result that cannot be

obtained when a single parameter is adopted to govern not only the variety range, but also the

size of monopoly power, for producing intermediate goods, as in Devereux, Head and Lapham

(1993, 1996, 2000) and Chang, Hung and Huang (2011). Next, given α, β, θ, ρ > 0, γ ≥ 0, and

0 < δ < 1, together with α(1 + θ) < α+ β to rule out the possibility of sustained endogenous

growth (see equation 9), the numerator of the second curly brace in (19) is negative. It follows

7As a result, Bénassy (1996) shows that the occurrence of additional output persistence found in Devereux,
Head and Lapham’s (1993) monopolistically competitive model is entirely attributed to the presence of a positive
product-variety effect.
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that the Jacobian’s determinant (19) is positive when (α+ β) (1 + γ) < β (1 + θ), which can

be re-written as

β (1 + θ)

α+ β
− 1 > γ. (21)

Moreover, since the numerator of the Jacobian’s trace (20) is positive under all feasible para-

metric configurations, the inequality reported in (21) not only leads to a positive determinant,

but also guarantees a negative trace, indicating the presence of two eigenvalues with negative

real parts. This implies that (21) is the necessary and suffi cient condition for our baseline

macroeconomy to exhibit equilibrium indeterminacy and belief-driven cyclical fluctuations.

By contrast, when the condition of (21) is not satisfied, the Jacobian matrix J will possess a

negative determinant, hence the model’s steady state becomes a saddle point that is locally

determinate or unique.

To understand the above indeterminacy condition, substituting the social technology (9)

into the logarithmic version of intermediate-good firms’labor demand function, given by the

second part of (11), shows that the slope of the equilibrium wage-hours locus is β(1+θ)
α+β − 1;

whereas using the logarithmic version of (14) yields that the slope of the household’s labor

supply curve is γ ≥ 0. As a result, the necessary and suffi cient condition needed for our

baseline economy to exhibit a continuum of stationary sunspot equilibria stipulates that the

equilibrium wage-hours schedule is upward sloping and steeper than the labor supply curve.

Intuitively, start from the model’s steady state, and suppose that agents anticipate an increase

in future economic activities. It follows that the representative household will consume less and

invest more today, which in turn increase next period’s capital stock, hours worked, output,

and consumption. Our preceding analysis finds that adding increasing returns to specialization

with θ > 0 raises the elasticity of the reduced-form aggregate production function with respect

to hours worked, as shown in equation (9). In addition, agents’initial optimistic expectations

will be fulfilled if and only if the product-variety effects are suffi ciently strong to make the

equilibrium wage-hours locus intersect the household’s labor supply curve from below such

that inequality (21) is satisfied.

To gain additional insights of condition (21), we undertake a two-part comparative analysis

as follows. First, consider our benchmark model without any returns to specialization, i.e.

θ = 0 in the final-output production function (1) and all the subsequent derivations. In

this environment, the social technology (9) will exhibit constant returns-to-scale in Kt and

Ht, which in turn implies that the Jacobian’s determinant (19) must be negative because its

denominator (α+ β) (1 + γ)−β > 0 for all feasible combinations of α, β and γ. Therefore, the
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economy always displays saddle path-stability stability and equilibrium uniqueness. This result

also implies that incorporating endogenous entry and exit of intermediate-good producers alone

(without the accompanying product-variety effects) into Benhabib and Farmer’s (1994, section

2.2) one-sector monopolistically competitive RBC macroeconomy will completely remove the

possibility of an indeterminate steady state. Second, consider the original Benhabib-Farmer

model that corresponds to our baseline setting with a constant measure of intermediate inputs

over time (Nt = 1 in equation 1), in conjunction with no fixed set-up costs (F = 0 in equation

3). In this case, intermediate goods-producing firms will make positive profits in equilibrium

since their entry and exit are not allowed; and returns to product variety are entirely absent.

Using the notations adopted in this section, it is straightforward to derive that the Benhabib-

Farmer macroeconomy exhibits belief-driven cyclical fluctuations if and only if

β − 1 > γ. (22)

A side-by-side comparison of (21) versus (22) will then show that under the same labor supply

elasticity governed by γ, the parametric scope of indeterminacy and sunspots is larger (smaller)

in our baseline formulation than that in Benhabib and Farmer’s (1994) framework provided

1 + θ > (<) α + β. That is, the benchmark model is ceteris paribus more (less) likely to

possess multiple equilibria when the gross rate of return from variety effects is higher (lower)

than the total internal returns-to-scale in production originated from intermediate-good firms’

own factor inputs. In sum, we have analytically shown that the required parameterizations

for macroeconomic instability are quantitatively different across these two model economies.

On the other hand, we note that the underlying economic intuition for conditions (21)

and (22) turns out to be qualitatively identical. This finding in turn implies that as in the

Benhabib-Farmer model, the requisite level of aggregate increasing returns-to-scale in produc-

tion for a continuum of stationary sunspot equilibria to arise within our baseline macroeconomy

is implausibly high. As an illustrative example, under the commonly-adopted parameteriza-

tion that calibrates the labor share of national income β
α+β = 0.7 and the indivisible-labor

supply elasticity γ = 0, the minimum degree of returns to specialization required to satisfy

the inequality of (21) is θmin = 0.4286. While there is no general consensus on the point

estimates of this variety-specific parameter in the existing empirical literature, the resulting

social returns-to-scale (= 1 + θmin) is not empirically plausible vis-à-vis estimation results

of Burnside (1996), Basu and Fernald (1997), and Laitner and Stolyarov (2004), among oth-

ers. In the RBC-based indeterminacy literature, theoretical developments have shown that

in a one-sector RBC model with variable capital utilization (Wen, 1998) or countercyclical
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distortionary taxation (Schmitt-Grohé and Uribe, 1997); or in a two-sector RBC model with

sector-specific productive externalities (Benhabib and Farmer, 1996; Perli, 1998; and Harrison,

2001), the critical level of technological increasing returns needed for equilibrium multiplicity

is much less stringent than that in Benhabib and Farmer’s (1994) representative-agent macro-

economy. Accordingly, incorporating one of the aforementioned features into our benchmark

model is expected to yield the result that local indeterminacy can occur under empirically

realistic parameterizations.8 Since asserting the empirical plausibility of self-fulfilling indeter-

minate equilibria is not the objective of this paper, we plan to pursue these research projects

in the future.

3 The Alternative Economy

In this section, we will explore the local (in)stability properties of an identical one-sector

monopolistically competitive real business cycle model, but with a slightly different production

function for intermediate goods-producing firms. In particular, we follow Chang, Hung and

Huang (2011) and postulate that the technology of producing the j’th intermediate input is

given by

xjt = kajth
b
jt

(
K
aφK
t H

bφH
t

)
− F, a, b, φK , φH , F > 0 and a+ b = 1, (23)

where φK and φH represent the degrees of positive productive externalities generated from

the economy-wide levels of capital and labor services, respectively.9 It follows that besides the

fixed overhead costs F , the existence of additional increasing returns-to-scale in (23) is derived

from external effects, rather than from an internal channel through intermediate-good firms’

own factor inputs à la (3).

Next, we follow the same solution procedure as in section 2 to find that equation (2) on

the demand function for xjt will remain the same, and that the equilibrium quantity or size

of intermediate good j is changed to

xjt =
λF

1− λ > 0. (24)

8Pavlov and Weder (2012) examine endogenous business cycles in a two-sector monopolistically competitive
RBC model with a unique set of intermediate inputs that are used in the production of both consumption
and investment goods; acyclical/countercyclical/procyclical markups; together with fixed or variable capital
utilization.

9As in Devereux, Head and Lapham (1993, 1996, 2000), the degree of returns to specialization in the Chang-
Hung-Huang economy is postulated as θ = 1

λ
− 1 > 0. Therefore, the market-power parameter λ also governs

the strength of product-variety effects.
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At the model’s symmetric equilibrium defined by condition (7), the measure of intermediate-

good producers becomes

Nt =

(
1− λ
F

)
K
a(1+φK)
t H

b(1+φH)
t > 0; (25)

the resulting reduced-form social technology that displays increasing returns to specialization

is

Yt = N1+θ
t xt = λ

(
1− λ
F

)θ [
K
a(1+φK)
t H

b(1+φH)
t

]1+θ
, (26)

where a (1 + φK) (1 + θ) < 1 such that sustained economic growth is not allowed, and the

degree of aggregate returns-to-scale in production is equal to (1 + aφK + bφH) (1 + θ); the

price of each intermediate input, as in (10), remains unchanged; and the prices of factor

inputs are

rt = a
Yt
Kt

and wt = b
Yt
Ht
, (27)

therefore the capital and labor shares of national income are given by a and b, respectively.

It is then straightforward to obtain an autonomous pair of differential equations in kt and ct

that summarize this economy’s equilibrium conditions, followed by deriving the determinant

and trace of the associated Jacobian matrix:

Det =

[
(ρ+ δ) (bδ + ρ)

a

]
︸ ︷︷ ︸

positive

{
(1 + γ) [a (1 + φK) (1 + θ)− 1]

1 + γ − b (1 + φH) (1 + θ)

}
, (28)

and

Tr =
δ (1 + γ) [θ + φK (1 + θ)] + ρ (1 + θ) [(1 + γ) (1 + φK)− b (1 + φH)]

1 + γ − b (1 + φH) (1 + θ)
. (29)

We note that as in our baseline macroeconomy, the monopolistic-markup parameter λ

does not enter the expressions of (28) and (29), thus it exerts no influence on the model’s

equilibrium dynamics. In addition, since the parametric restriction of a (1 + φK) (1 + θ) < 1

rules out the possibility of endogenous growth, the Jacobian’s determinant (28) is positive if

and only if

b (1 + φH) (1 + θ)− 1 > γ, (30)

which provides a necessary condition for the occurrence of an indeterminate steady state, as

well as leading to a negative denominator in (29). However, we cannot be certain about the sign
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of the Jacobian’s trace because b, δ, ρ, γ, θ, φK and φH enter the numerator of (29) in a rather

complicated way. Under the commonly-postulated parameterization of φK = φH = φ > 0, it

is straightforward to derive that the trace now becomes

Tr =
δ (1 + γ) [θ + φ (1 + θ)] + ρ (a+ γ) (1 + θ) (1 + φ)

1 + γ − b (1 + φ) (1 + θ)
, (31)

which will be negative when the inequality of (30) is satisfied. In this case, condition (30)

is not only necessary but also suffi cient for our alternative economy to exhibit equilibrium

indeterminacy and sunspot-driven business cycles (Tr < 0 < Det).10

As in the preceding section, a two-part comparative analysis is carried out on condition

(30) to acquire further understanding. First, substituting θ = 0 into equation (26) shows that

in sharp contrast to our benchmark formulation, the social technology will exhibit increasing

returns-to-scale in Kt and Ht due to the presence of positive external effects. It follows that

equilibrium multiplicity may still arise within the modified model under no returns to special-

ization. This finding indicates that the existence of suffi ciently strong productive externalities

from aggregate labor hours alone (without any variety effects), specifically φH > 1+γ
b − 1,

is able to generate belief-driven cyclical fluctuations in our alternative macroeconomy. Sec-

ond, per the notations used in this section, the requisite condition for local indeterminacy in

Benhabib and Farmer’s (1994) one-sector RBC framework becomes

b

λ
− 1 > γ, (32)

which involves intermediate-input firms’monopolistic power because λ now influences the

changes in the economy’s symmetric-equilibrium prices of factor inputs. After comparing (30)

versus (32), we find that the parametric scope for endogenous business cycles is larger (smaller)

in our alternative model than that in the Benhabib-Farmer setting provided (1 + φH) (1 + θ) >

(<) 1
λ . This in turn implies that the required parameterizations for sunspot-driven cyclical

fluctuations will be quantitatively different between these two model economies. In particular,

the sign for the preceding inequality is determined by the combined effects of labor externalities

and returns to specialization versus the markup ratio of price over marginal cost.

On the other hand, the intuitive interpretation of condition (30) is qualitatively the same as

(21) for the macroeconomy analyzed in section 2; or (32) for the Benhabib-Farmer formulation,

i.e. the equilibrium wage-hours locus is positively sloped and steeper than the household’s

10As mentioned in footnote 9, Chang, Hung and Huang (2011) postulate that θ = 1
λ
− 1 in their analytical

framework. After substituting this one-to-one relationship between λ and θ into (30), we will recover the
indeterminacy condition for the Chang-Hung-Hunag economy: b (1 + φH) > λ (1 + γ).
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labor supply curve.11 However, we will show below that the feasible parametric region which

yields indeterminacy and sunspots in the modified model is ceteris paribus larger than its

baseline counterpart. Using the equivalent calibrations —the labor share of national income

b = 0.7 and the wage elasticity of hours worked γ = 0 — as before, Figure 1 depicts the

resulting local (in)stability properties by dividing the φH − θ space into areas of “Saddle”and
“Sink”. Since the inequalities of (21) and (30) coincide under no external technological effect

of labor (φH = 0), the numerical experiment in the previous section and the vertical axis of

Figure 1 together demonstrate that the threshold levels of returns to specialization needed for

macroeconomic instability, given by θ ≥ 0.4286, will be equalized across the two specifications

of our model that allows for endogenous entry and exit. When the size of labor externality

rises and becomes more positive, the minimum degree of variety effects that generates local

indeterminacy will fall
(
∂θmin
∂φH

< 0
)
, as shown by the downward-sloping curve for the lower

bound of the “Sink” region in Figure 1. Intuitively, this finding illustrates two cooperating

factors in producing multiple equilibria within a one-sector monopolistically competitive RBC

framework: either an increase in labor externality or an expansion in product variety will raise

the aggregate output elasticity with respect to hours worked (see equation 26), which in turn

helps justify agents’self-fulfilling anticipations about future economic activities. By contrast,

condition (21) shows that only the returns-to-specialization parameter θ is available to affect

equilibrium dynamics of the benchmark model. As a result, while keeping the calibrated values

of other parameters unchanged, our alternative macroeconomy is quantitatively more likely to

display endogenous business cycles because the requisite θmin will be relatively lower.

With regard to the empirical plausibility of the critical level of aggregate returns-to-scale in

production needed for equilibrium indeterminacy, which is equal to (1 + aφK + bφH) (1 + θmin)

in the modified model, we note that previous studies do not present separate point estimates

on the degrees of capital and labor externalities. Under the frequently-adopted configuration

of φK = φH > 0, it is straightforward to show that along the negatively-sloped dividing

locus in Figure 1, the threshold degree of technological increasing returns required for an

indeterminate steady state to occur is the same (= 1.4286) for all feasible combinations of

φH and θ. Such a requirement turns out to be identical to that for our illustrative example

in the baseline macroeconomy which does not exhibit any productive externalities. For the

sake of theoretical completeness, we also examine the extreme case of no capital externality

φK = 0 within the alternative model. Given the highest possible value of φH = 0.4 considered

11 In the Appendix that considers a more general model with both internal and external increasing returns-
to-scale for indeterminate-good producers, we show that its indeterminacy condition can also be understood by
the same slope inequality of the labor market equilibrium.
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in Figure 1, the minimum returns to specialization that leads to indeterminate equilibria will

be very small, given by θmin = 0.0204. This particular {φK , φH , θmin} combination in turn
yields an aggregate level of returns-to-scale to be 1.3061, which remains unrealistically high

vis-à-vis the upper bounds of estimated confidence intervals reported in Burnside (1996),

Basu and Fernald (1997), and Laitner and Stolyarov (2004), among others. Nevertheless, the

preceding numerical experiments have verified that it is quantitatively easier for our alternative

economy to display belief-driven cyclical fluctuations than the benchmark formulation. In

sum, our quantitative analysis shows that whether macroeconomic instability arises in a one-

sector monopolistically competitive RBC model or not depends crucially on the production

specifications of intermediate goods-producing firms.

4 Conclusion

This paper examines the theoretical as well as quantitative interrelations between equilib-

rium indeterminacy, endogenous entry/exit of intermediate-input producers, and increasing

returns to specialization within two versions of a parsimonious one-sector monopolistically

competitive real business cycle model. Other than the common fixed set-up costs, additional

increasing returns-to-scale for producing intermediate goods in the baseline framework are

initiated from operational firms’own factor inputs, whereas positive productive externalities

from the economy-wide levels of capital and labor services are the sources in the alternative

setting. While the underlying economic mechanisms are different, we analytically show that

the requisite condition for the occurrence of endogenous business cycle fluctuations within

either specification turns out to be qualitatively identical to that in Benhabib and Farmer’s

(1994, section 2.2) macroeconomy. That is, the equilibrium wage-hours locus must be upward

sloping, and steeper than the labor supply curve such that agents’initial optimism will become

self-fulfilling. We also find that the parameter which governs intermediate goods-producing

firms’market power does not play any role in affecting the local (in)stability stabilities of

both formulations. In addition, the minimum degree of aggregate returns-to-scale in produc-

tion needed for multiple equilibria within our benchmark or modified model is implausible high

vis-à-vis estimation results of previous empirical studies; but this is not a serious issue of con-

cern in light of recent theoretical developments in the RBC-based indeterminacy literature.

Finally, our calibrated analysis shows that ceteris paribus the alternative economy is more

susceptible to indeterminacy and sunspots than the baseline counterpart. This numerical re-

sult in turn highlights the significant importance of intermediate-input producers’production

structures on the feasible parametric region that exhibits belief-driven cyclical fluctuations
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within a one-sector representative-agent macroeconomy under monopolistic competition, free

entry and exit of firms, and increasing returns to product variety.

5 Appendix

This Appendix examines a more general model economy that will encompass both internal

as well as external increasing returns-to-scale for intermediate goods-producing firms. In

particular, the production technology of the j’th intermediate input is specified as

xjt = kαjth
β
jt

(
K
αφK
t H

βφH
t

)
− F, α, β, F > 0, φK , φH ≥ 0 and α+ β ≥ 1. (A.1)

When there is no productive externality with φK = φH = 0, we recover the benchmark model

as in section 2; whereas the alternative macroeconomy analyzed in section 3 corresponds to

that with α = a, β = b, α+ β = 1 and φK , φH > 0. It is then straightforward to find that the

demand function for xjt is given by (2), and that the equilibrium quantity/size of intermediate

good j remains to be (6) with λ (α+ β) < 1. At the model’s symmetric equilibrium, (i) the

measure of intermediate-input producers becomes

Nt =

{
[1− λ (α+ β)]K

α(1+φK)
t H

β(1+φH)
t

F

} 1
α+β

> 0; (A.2)

(ii) the reduced-form social technology that displays increasing returns to product variety is

changed to

Yt = N1+θ
t xt =

{
λ (α+ β)

[
1− λ (α+ β)

F

] 1+θ
α+β
−1
}
≡ Ω > 0

K
α(1+θ)(1+φK)

α+β

t H
β(1+θ)(1+φH)

α+β

t , (A.3)

where α(1+θ)(1+φK)
α+β < 1 such that sustained endogenous growth is not permitted, and the

degree of aggregate returns-to-scale in production is equal to (1+θ)[α(1+φK)+β(1+φH)]
α+β ; (iii) the

price of each intermediate good continues to be (10); (iv) the factor prices are given by (11);

and (v) the determinant and trace of the resulting Jacobian matrix are

Det =

{
(ρ+ δ) [βδ + ρ (α+ β)]

α

}
︸ ︷︷ ︸

positive

{
(1 + γ) [α(1 + θ) (1 + φK)− (α+ β)]

(α+ β) (1 + γ)− β (1 + θ) (1 + φH)

}
, (A.4)

and
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Tr =
δ (α+ β) (1 + γ) [θ + φK (1 + θ)] + ρ (1 + θ) [(α+ β) (1 + γ) (1 + φK)− β (1 + φH)]

(α+ β) (1 + γ)− β (1 + θ) (1 + φH)
.

(A.5)

Since α, β, θ, ρ > 0, γ, φK , φH ≥ 0, and 0 < δ < 1, together with α(1+θ) (1 + φK) < α+β

to rule out the possibility of persistent economic growth, the numerator of the second curly

brace in (A.4) is negative. It follows that the Jacobian’s determinant (A.4) is positive when

β (1 + θ) (1 + φH)

α+ β
− 1 > γ, (A.6)

which has the same economic interpretation as the original Benhabib-Farmer condition: an

upward-sloping equilibrium wage-hours locus that is steeper than the household’s labor supply

curve. Equation (A.6) thus yields a necessary condition for the economy to possess an indeter-

minate steady state, as well as generating a negative denominator in (A.5). However, the sign

of the Jacobian’s trace is theoretically ambiguous because α, β, δ, ρ, γ, θ, φK and φH affect

the numerator of (A.5) in a rather complicated manner. Given the postulated calibration of

φK = φH = φ > 0, we note that the trace is given by

Tr =
δ (α+ β) (1 + γ) [θ + φ (1 + θ)] + ρ (1 + θ) (1 + φ) [α (1 + γ) + βγ]

1 + γ − b (1 + φ) (1 + θ)
, (A.7)

which will be negative when the inequality of (A.6) is satisfied. In this parametric setting,

(A.6) is the necessary and suffi cient condition under which our generalized model exhibits

equilibrium indeterminacy and belief-driven endogenous business cycles. Notice that (A.6)

subsumes the indeterminacy conditions for the benchmark and alternative economies as special

cases. Specifically, (A.6) collapses to condition (21) when there is no labor externality φH = 0;

and (A.6) turns into condition (30) when the labor share of national income is rewritten as
β

α+β = b.
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Figure 1. Local Stability Properties of the Alternative Economy 

 


